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REGULAR ORBITS OF QUASISIMPLE LINEAR GROUPS I
MELISSA LEE
Abstract. Let G ≤ GL(V ) be a group with a unique subnormal quasisimple subgroup E(G) that
acts absolutely irreducibly on V . A base for G acting on V is a set of vectors with trivial pointwise
stabiliser in G. In this paper we determine the minimal base size of G when E(G)/Z(E(G)) is a finite
simple group of Lie type in cross-characteristic. We show that G has a regular orbit on V , with specific
exceptions, for which we find the base size.
1. Introduction
Suppose G ≤ Sym(Ω) is a permutation group. We say that G has a regular orbit on Ω if there
exists ω ∈ Ω with trivial stabiliser in G. The study of regular orbits arises in a number of contexts,
particularly when Ω is a vector space V , and G acts linearly on V . For example, if V is a finite
vector space, G ≤ GL(V ), and all of the orbits of G on V \ {0} are regular, then the affine group GV
is a Frobenius group with Frobenius complement G, and such G were classified by Zassenhaus [37].
Regular orbits are also used heavily in the proof of the well-known k(GV )-conjecture [13], which states
that the number of conjugacy classes k(GV ) of GV , with |G| coprime to |V |, is at most |V |. One of the
major cases was where G is an almost quasisimple group acting irreducibly on V . Here, proving the
existence of a regular orbit of G on V was sufficient to prove the k(GV )-conjecture. A classification
of such pairs (G,V ) was completed by Ko¨hler and Pahlings [29], based on work of Goodwin [14, 15]
and Liebeck [32].
We say that B ⊂ V is a base for G if its pointwise stabiliser in G is trivial, and call the minimal
size of a base for G the base size and denote it by b(G). Obviously if G has a regular orbit on
V , then b(G) = 1. Since each element of a group is characterised by its action on a base, we have
b(G) ≥ ⌈log |G|/ log |V |⌉. Notice that if G has a regular orbit on an irreducible G-module V , then
GV ≤ AGL(V ) has b(GV ) = 2. In recent years there has been significant progress towards the more
general aim of classifying finite primitive groupsH with b(H) = 2. This includes a partial classification
for diagonal type groups [9], a complete classification for primitive actions of Sm and Am [6, 27] and
sporadic groups [8] and also progress for almost simple classical groups [7].
We say that a group G is quasisimple if it is perfect and G/Z(G) is a non-abelian simple group. We
further define G to be almost quasisimple if G has a unique quasisimple subnormal subgroup, which
forms the layer E(G) of G, and the quotient G/F (G) of G by its Fitting subgroup F (G) is almost
simple. A large open case in the classification of primitive groups H with b(H) = 2 is where H = GV
is of affine type, (|G|, |V |) > 1 and G ≤ GL(V ) is an almost quasisimple group, whose quasisimple
layer E(G) acts absolutely irreducibly on V . For groups of affine type, Aschbacher’s Theorem [2]
is a useful tool in classifying groups G with a regular orbit, since it determines the possiblilities for
irreducible subgroups of GL(V ). The groups G that we consider in this paper are members of the C9
class of Aschbacher’s theorem.
The classification of pairs (G,V ) where G has a regular orbit on V has been completed for G
with soc(G/F (G)) a sporadic group, or an alternating group Altn with n 6= 6 [10, 11]. The latter
also covers G with soc(G/F (G)) ∼= Alt6, where also G/Z(G) is almost simple. The other almost
quasisimple groups with soc(G/F (G)) ∼= Alt6 are not considered because the authors of [11] adopt
a stricter definition of almost quasisimple than is given here. In the case of linear algebraic groups,
Guralnick and Lawther [18] classified (G,V ) where G is a simple algebraic group that has a regular
orbit on the irreducible G-module V , as well as determining their generic stabilisers in these cases.
Their methods rely heavily on detailed analyses of highest weight representations of these simple
algebraic groups.
This paper is the first in a series of three, which complete the analysis of base sizes of (G,V ), where
G has a unique subnormal quasisimple subgroup E(G) which is a group of Lie type that acts absolutely
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irreducibly on V . The present paper deals with the case where V is an absolutely irreducible module
for E(G) in cross characteristic. The other two papers will address representations of the groups of
Lie type in defining characteristic.
Our main result is as follows.
Theorem 1.1. Let V = Vd(r) be a vector space of dimension d over Fq. Suppose G ≤ GL(V ) and
that the layer E(G) of G is quasisimple of Lie type in characteristic p ∤ r acting absolutely irreducibly
on V . Then one of the following holds.
(i) b(G) = ⌈log |G|/ log |V |⌉,
(ii) b(G) = ⌈log |G|/ log |V |⌉+ 1 and (G,V ) is in Table 1.1,
(iii) (G,V ) = (2 × PSp6(2), V7(3)), (U4(2).2, V5(3)), (2 ◦ U4(2), V5(3)) or (PSp4(3).2, V6(2)) and
b(G) = ⌈log |G|/ log |V |⌉+ 2 = 4, 4, 4, 5 respectively.
Combining the cases in Table 1.1 with the cases where b(G) = ⌈log |G|/ log |V |⌉ > 1, we obtain the
following corollary.
Corollary 1.2. Let V = Vd(r) be a vector space. Suppose G ≤ GL(V ) and that the layer E(G) of G
is quasisimple of Lie type in characteristic p ∤ r acting absolutely irreducibly on V . Then either G has
a regular orbit on V , or (G,V ) appear in Table 1.2 or Table 1.3.
Remark 1.3. (i) The almost quasisimple groupsG in Tables 1.1 and 1.2 where |F (G)| > |Z(E(G))|
have the extension by F (G) denoted by direct product notation × if |Z(E(G))| = 1 and central
product notation ◦ otherwise.
(ii) The entries in Tables 1.1 and 1.2 marked with † can be computed from [29], which provides
the largest group for each module where there is no regular orbit. We construct the relevant
modules in GAP [12] and determine completely where there are regular orbits. This deals
entirely with the case where (|G|, |V |) = 1, and the remainder of this paper is devoted to the
case where (|G|, |V |) > 1.
(iii) In the cases L2(4) ∼= L2(5), L3(2) ∼= L2(7), PSp4(3)
∼= U4(2), L2(8) ∼=
2G2(3)
′ and U3(3) ∼=
G2(2)
′ where there is an exceptional isomorphism between two groups of different character-
istics, only one of the groups appears in Tables 1.1, and 1.2, and we complete the analysis in
all characteristics dividing the order of the group.
(iv) We require some additional information for the asterisked entries in Tables 1.1 and 1.2. From
the character table in [28], U3(3) has three absolutely irreducible 7-dimensional modules over
F5. Only one of these may be extended to U3(3).2. The first asterisked line in Table 1.2 refers
to this module, while the asterisked line in Table 1.1, and the second such line in Table 1.2
refers to one of the two other modules.
(v) The rows of 1.1 and 1.3 with L2(9).2
2 and F×3 × L2(9).2
2 and (d, r) = (9, 3) are asterisked
because these groups have regular orbits on three of the four absolutely irreducible F3L2(9)-
modules of this dimension. The module with b(G) = 2 has character values 3,1 on classes 2B
and 2D respectively.
(vi) The aforementioned papers [10, 11, 14, 15, 29] all assume that V (as in Theorem 1.1) is a faithful
n-dimensional Fr0G-module, with r0 prime such that E(G) acts irreducibly, but not necessarily
absolutely irreducibly, on V . We can reconcile this with our study of absolutely irreducible
modules for E(G) over arbitrary finite fields, following [14, §3]. Let k = EndFr0G(V ), K =
EndFr0E(G)(V ), t = |K : k| and d = dimK(V ). ThenE(G) ≤ GLd(K) is absolutely irreducible,
and G ≤ GLd(K) < φ >, where φ is a field automorphism of order t. In Theorem 1.1 we have
adopted the slightly stronger hypothesis that G ≤ GLd(K), so that t = 1.
The following result gives some consequences of Tables 1.2 and 1.3.
Corollary 1.4. Let V = Vd(r) be a vector space. Suppose G ≤ GL(V ) and that the layer E(G) of G
is quasisimple of Lie type in characteristic p ∤ r acting absolutely irreducibly on V . Then the following
statements hold.
(i) b(G) ≤ 4, except for (G,V ) = (PSp4(3).2, V6(2)), where b(G) = 5.
(ii) If either d > 24 or |V | > 278 then G has a regular orbit on V .
Note that part (i) of Corollary 1.4 is an improvement to [31], where the authors show that G as in
Theorem 1.1 has b(G) ≤ 6.
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b(G) G d r
2 F×r ◦ (2.L2(4))
† 2 11, 31
c ◦ (2.L2(4)), c ∈ {3, 9, 18}
† 2 19
6 ◦ (2.L2(4)) 2 25
c ◦ (2.L2(4).2), c | 24, c ≤ 8 2 25
c ◦ (2.L2(4)), c ∈ {12, 24}
† 2 49
F×61 ◦ (2.L2(4))
† 2 61
L2(4) ≤ G < 2.L2(4).2, c ∈ {1, 2} 3 5
L2(4) < G ≤ F
×
9 × L2(4) 3 9
F×11 × L2(4)
† 3 11
L2(4) 4 3
L2(4) < G < F
×
4 × L2(4).2 4 4
F×5 ◦ (2.L2(4)) 4 5
F×7 × L2(4).2
† 4 7
3 × L2(8) 2 64
F×8 × L2(8) 4 8
F×3 × L2(8) 7 3
L2(8).3 7 3
10 ◦ (2.L2(9)) 2 81
L2(9) ≤ G ≤ F
×
9 × L2(9).22. 3 9
F×16 ◦ (3.L2(9)) 3 16
c ◦ (3.L2(9)), c | 18
† 3 19
c ◦ (3.L2(9)), c | 24 even 3 25
c ◦ (3.L2(9).23), c ∈ {2, 4, 12} 3 25
c ◦ (3.L2(9)), c ∈ {5, 15, 30}
† 3 31
L2(9).21 4 8
L2(9).21 4 9
2 × L2(9) ≤ G ≤ F
×
9 × L2(9).2
2 4 9
L2(9) < G ≤ F
×
5 ◦ (2.L2(9).21) 5 5
c× L2(9).21, c ∈ {2, 3, 6}
† 5 7
L2(9).2
2, F×3 × L2(9).2
2∗ 9 3
L2(11) 5 4,5
2.L2(11) 6 3
L2(11) ≤ G ≤ L2(11).2 10 2
F×4 × L2(13) 6 4
c× L2(13) c ∈ {1, 2} 7 3
L2(13) ≤ G ≤ L2(13).2 14 2
L2(31) 15 2
c ◦ (2.L3(2)), c ∈ {4, 8, 12} 2 49
4 ◦ (2.L3(2).2) 2 49
L3(2) ≤ G < 2 × L3(2).2 3 7
c× L3(2), c ∈ {2, 4} 3 9
2 × L3(2)
† 3 11
L3(2) ≤ G ≤ F
×
3 × L3(2).2 6 3
L3(2) 8 2
2.L3(4) ≤ G ≤ 8 ◦ (2.L3(4).2
2) 6 9
41.L3(4).23 8 5
L4(2) ≤ G < 2 × L4(2).2 7 5
L4(2) < G ≤ F
×
7 × L4(2).2 7 7
L4(2).2 ≤ G ≤ F
×
9 × L4(2).2 7 9
2.L4(2) ≤ G ≤ F
×
5 × (2.L4(2).2) 8 5
L4(3) ≤ G ≤ L4(3).22 26 2
c× U3(3), c = 2k | 80 3 81
U3(3) < G < 2× U3(3).2
† 6 5
F×7 × U3(3) 6 7
c× (U3(3).2), c ∈ {2, 6} 6 7
U3(3) ≤ G ≤ F
×
5 × U3(3)
†∗ 7 5
F×5 × U3(3).2
† 7 5
U3(3).c, c ∈ {1, 2} 14 2
F×3 × U3(4) 12 3
U3(5).A, 1 6= A ≤ S3 20 2
31.U4(3) 6 16
61.U4(3) ≤ G ≤ 61.U4(3).2
†
2 6 19
c ◦ (61.U4(3)), c | 24 6 25
b(G) G d r
2 c ◦ (61.U4(3).22), c | (r − 1) 6 25,49
c ◦ (61.U4(3)), c | (r − 1)
† 6 31
c ◦ (61.U4(3).22), c | (r − 1)
† 6 31,37
U4(3).D8 20 2
c× U5(2).2, 1 6= c | 8 10 9
U5(2) < G ≤ F
×
7 × U5(2)
† 10 7
U6(2) 21 3
PSp4(3) 4 16
c× PSp4(3), c ∈ {6, 12, 24} 4 25
2.PSp4(3) ≤ G ≤ 2.PSp4(3).2 4 27
F×r ◦ (2.PSp4(3))
† 4 31,37
c× PSp4(3), c ∈ {3, 9, 21, 63} 4 64
PSp4(3) ≤ G < 2× PSp4(3).2 5 9
PSp4(3) < G ≤ F
×
13 × PSp4(3)
† 5 13
c× PSp4(3), c ∈ {6, 18}
† 5 19
c× PSp4(3), c = 2k | 26 5 27
c× (PSp4(3).2), c | 26 5 27
PSp4(3) ≤ G ≤ 2× PSp4(3).2
† 6 7
PSp4(3).c, c ∈ {1, 2} 6 8
F×11 × PSp4(3)
† 6 11
PSp4(3).2
† 6 11
PSp4(3).2 < G ≤ F
×
r × PSp4(3).2
† 6 11,13
PSp4(3).2 ≤ G ≤ F
×
16 × PSp4(3).2 6 16
PSp4(3) ≤ G < F
×
3 × PSp4(3).2 10 3
c× PSp6(2), c | 8 7 9
PSp6(2) ≤ G ≤ F
×
r × PSp6(2)
† 7 11,13
F×r × PSp6(2)
† 7 17,19
c ◦ (2.PSp6(2)), c | (r − 1) 8 7,9
c× PSp6(2), c ∈ {1, 2} 14 3
c× PSp6(3), c ∈ {2, 3, 6} 13 7
2.PSp6(3) ≤ G ≤ F
×
7 ◦ (2.PSp6(3).2) 14 7
c ◦ (2.PΩ+8 (2))
†, c | 12 8 13
2.PΩ+8 (2) ≤ G ≤ F
×
r ◦ (2.PΩ
+
8 (2).2)
† 8 17, 19, 23
2.PΩ+8 (2) ≤ G ≤ F
×
r ◦ (2.PΩ
+
8 (2).2) 8 25, 27
c ◦ (2.2B2(8)), c | 4 8 5
F×7 ◦ (2.G2(4).c), c ∈ {1, 2} 12 7
3 F×3 × L2(9) 4 3
c× L2(9).21, c ∈ {1, 2} 4 3
2.L3(4) ≤ G ≤ 2.L3(4).2
2 6 3
F×3 × L4(2).2 7 3
c× U3(3), c ∈ {2, 4, 8} 3 9
31.U4(3) 6 4
F×3 × U5(2).2 10 3
PSp4(3) 4 4
PSp4(3) 5 3
PSp4(3).2 ≤ G ≤ F
×
4 × PSp4(3).2 6 4
c× PSp4(3), c ∈ {1, 3} 6 4
PSp6(2) 7 3
2.PSp6(2) 8 3
2.PΩ+8 (2) ≤ G ≤ F
×
5 ◦ (2.PΩ
+
8 (2).2) 8 5
4 L2(9).21 4 2
2.PSp4(3).c, c ∈ {1, 2} 4 3
F×4 × PSp4(3) 4 4
F×3 × PSp4(3).2 5 3
PSp4(3) 6 2
2.PΩ+8 (2) ≤ G ≤ 2.PΩ
+
8 (2).2 8 3
Table 1.1. Pairs (G,V ) with G an almost quasisimple group of Lie type for which
b(G) = ⌈log |G|/ log |V |⌉+ 1.
The remainder of the paper is organised as follows. In Section 2, we give some preliminary results
from the literature concerning properties of groups of Lie type, such as minimal degrees of irreducible
representations, generation by conjugates and bounds on the number of certain prime order elements.
In Section 3, we outline the techniques that we will use to prove Theorem 1.1, and present some
key propositions which provide the mechanism for the vast majority of the proof. We then proceed
with the proof of Theorem 1.1 in Sections 4–8 by analysing, in order, the linear, unitary, symplectic,
orthogonal and exceptional groups.
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b(G) G d r
2 c× L2(8), c | 7 2 8
c× L2(8), c = 3k | 63 2 64
F×8 × L2(8) 4 8
F×3 × L2(8) 7 3
L2(8).c, c ∈ {1, 3} 8 2
c× (L2(8).3), c ∈ {1, 2} 7 3
c× L2(11), c | (r − 1) 5 3,4,5
2.L2(11) 6 3
L2(11).c c ∈ {1, 2} 10 2
2.L2(13) 6 3
F×4 × L2(13) 6 4
c× L2(13) c ∈ {1, 2} 7 3
L2(13).c c ∈ {1, 2} 14 2
L2(17) 8 2
L2(23) 11 2
L2(25) ≤ G ≤ L2(25).22 12 2
L2(31) 15 2
c ◦ (2.L3(2)), c | 6 2 7
c ◦ (2.L3(2)), c | 48 and c 6= {2, 3, 6} 2 49
c ◦ (2.L3(2).2), c | 48 and c 6= {2, 3, 6} 2 49
c× L3(2), c | 3 3 4
L3(2) ≤ G ≤ F
×
7 × L3(2).2 3 7
F×8 × L3(2) 3 8
c× L3(2), c | 8 3 9
c× L3(2)†, c ∈ {2, 10} 3 11
L3(2) ≤ G ≤ F
×
3 × L3(2).2 6 3
L3(2).c, c ∈ {1, 2} 8 2
L3(3) ≤ G ≤ L3(3).2 12 2
2.L3(4) ≤ G ≤ F
×
r ◦ (2.L3(4).2
2) 6 3,9
6.L3(4) ≤ G ≤ 6.L3(4).22 6 7
41.L3(4).23 8 5
L4(3) ≤ G ≤ L4(3).22 26 2
U3(3) 3 9
c× U3(3), c = 2k | 80 3 81
U3(3) < G < F
×
4 × U3(3).2 6 4
U3(3) < G < F
×
5 × U3(3).2
† 6 5
F×7 × U3(3) 6 7
c× (U3(3).2), c ∈ {2, 6} 6 7
U3(3) ≤ G ≤ F
×
3 × U3(3).2 7 3
c× U3(3).2i, c | 4†∗ 7 5
U3(3) ≤ G ≤ F
×
5 × U3(3)
†∗ 7 5
U3(3).c, c ∈ {1, 2} 14 2
F×3 × U3(4) 12 3
U3(5).A, 1 6= A ≤ S3 20 2
61.U4(3) 6 7
c ◦ (31.U4(3)), c | 15 6 16
c ◦ (31.U4(3).22), c | 15 6 16
c ◦ (61.U4(3)), c | (r − 1)† 6 13,19
c ◦ (61.U4(3)), 1 6= c | (r − 1)† 6 31
c ◦ (61.U4(3).22), c | (r − 1)† 6 13,19
c ◦ (61.U4(3).22), c | (r − 1)† 6 31,37
c ◦ (61.U4(3)), c | 24 6 25
c ◦ (61.U4(3).22), c | (r − 1) 6 25,49
U4(3).D8 20 2
U5(2) ≤ G < F
×
3 × U5(2).2 10 3
U5(2) ≤ G ≤ F
×
5 × U5(2).2 10 5
U5(2) < G ≤ F
×
7 × U5(2)
† 10 7
F×9 × U5(2) 10 9
c× U5(2).2, 1 < c | 8 10 9
U6(2) ≤ G ≤ F
×
3 × (U6(2).S3) 21 3
c ◦ (2.PSp4(3)), c | (r − 1) 4 7,13
b(G) G d r
2 2.PSp4(3) ≤ G ≤ F
×
9 ◦ (2.PSp4(3).2) 4 9
c× PSp4(3), c | 15 4 16
c ◦ (2.PSp4(3)), 1 6= c | 18 4 19
c× PSp4(3), c ∈ {6, 12, 24} 4 25
2.PSp4(3) ≤ G ≤ F
×
27 ◦ (2.PSp4(3).2) 4 27
F×r ◦ (2.PSp4(3))
† 4 31,37
c× PSp4(3), c ∈ {3, 9, 21, 63} 4 64
PSp4(3) < G ≤ F
×
r × PSp4(3)
† 5 7,13
PSp4(3) ≤ G ≤ F
×
9 × (PSp4(3).2) 5 9
c× PSp4(3), c ∈ {6, 18}
† 5 19
PSp4(3) ≤ G ≤ F
×
27 × (PSp4(3).2) 5 27
c× (PSp4(3)), c ∈ {2, 26} 5 27
c× (PSp4(3).2), c | 26 5 27
c× PSp4(3), c ∈ {1, 3} 6 4
PSp4(3) ≤ G ≤ F
×
5 × (PSp4(3).2) 6 5
PSp4(3) ≤ G ≤ F
×
7 × PSp4(3).2
† 6 7
PSp4(3) ≤ G ≤ F
×
8 × (PSp4(3).2) 6 8
F×11 × PSp4(3)
† 6 11
PSp4(3).2 < G ≤ F
×
r × PSp4(3).2
† 6 11,13
c× (PSp4(3).2), c | 15 6 16
PSp4(3) ≤ G ≤ F
×
3 × (PSp4(3).2) 10 3
PSp4(3).c, c ∈ {1, 2} 14 2
PSp4(7) 24 2
c× PSp6(2), c | (r − 1) 7 5,9
PSp6(2) ≤ G ≤ F
×
r × PSp6(2)
† 7 11,13
F×r × PSp6(2)
† 7 17,19
c ◦ (2.PSp6(2)), c | (r − 1) 8 5,7,9
c× PSp6(2), c ∈ {1, 2} 14 3
c× PSp6(3), c | 3 13 4
c× PSp6(3), c ∈ {2, 3, 6} 13 7
2.PSp6(3) ≤ G ≤ F
×
7 ◦ (2.PSp6(3).2) 14 7
2.PΩ+8 (2) ≤ G ≤ F
×
r ◦ (2.PΩ
+
8 (2).2) 8 7, 9
2.PΩ+8 (2) ≤ G ≤ F
×
r ◦ (2.PΩ
+
8 (2).2)
† 8 13, 17
2.PΩ+8 (2) ≤ G ≤ F
×
r ◦ (2.PΩ
+
8 (2).2)
† 8 19, 23
2.PΩ+8 (2) ≤ G ≤ F
×
r ◦ (2.PΩ
+
8 (2).2) 8 25, 27
c ◦ (2.2B2(8)), c | 4 8 5
2.G2(4).c, c ∈ {1, 2} 12 3
2.G2(4) ≤ G ≤ F
×
5 ◦ (2.G2(4).2) 12 5
F×7 ◦ (2.G2(4).c), c ∈ {1, 2} 12 7
3 L2(7) 2 2
2.L3(4) ≤ G ≤ 2.L3(4).22 6 3
c× U3(3), c ∈ {2, 4, 8} 3 9
U3(3).c, c ∈ {1, 2} 6 2
31.U4(3) 6 4
F×3 × U5(2).2 10 3
PSp4(3) 4 4
PSp4(3) 5 3
PSp4(3).2 ≤ G ≤ F
×
4 × PSp4(3).2 6 4
PSp6(2) 7 3
2.PSp6(2) 8 3
2.PΩ+8 (2) ≤ G ≤ F
×
5 ◦ (2.PΩ
+
8 (2).2) 8 5
4 2.PSp4(3).c, c ∈ {1, 2} 4 3
F×4 × PSp4(3) 4 4
PSp4(3) < G ≤ F
×
3 × PSp4(3).2 5 3
PSp4(3) 6 2
F×3 × PSp6(2) 7 3
2.PΩ+8 (2) ≤ G ≤ 2.PΩ
+
8 (2).2 8 3
5 PSp4(3).2 6 2
Table 1.2. Pairs (G,V ) with G an almost quasisimple group of Lie type for which
b(G) > 1 and E(G)/Z(E(G)) is not isomorphic to an alternating group.
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b(G) G d r
2 L2(4) 2 4
2.L2(4) ≤ G ≤ F
×
5 ◦ (2.L2(4)) 2 5
2.L2(4) ≤ G ≤ F
×
9 ◦ (2.L2(4)) 2 9
F×r ◦ (2.L2(4))
† 2 11, 31
c ◦ (2.L2(4)), c ∈ {3, 9, 18}
† 2 19
c× L2(4).2, c ∈ {5, 15} 2 16
c ◦ (2.L2(4)), c ∈ {6, 12, 24} 2 25
F×r ◦ (2.L2(4))
† 2 29, 41
F×r ◦ (2.L2(4))
† 2 61
c ◦ (2.L2(4)), c ∈ {12, 24, 48}
† 2 49
2.L2(4).2 ≤ G ≤ F
×
25 ◦ (2.L2(4).2) 2 25
L2(4) ≤ G ≤ F
×
5 × L2(4).2 3 5
L2(4) < G ≤ F
×
9 × L2(4) 3 9
F×11 × L2(4)
† 3 11
L2(4), L2(4).2 4 2
L2(4) ≤ G <≤ F
×
3 × L2(4).2 4 3
L2(4) < G ≤ F
×
4 × L2(4).2 4 4
F×5 ◦ (2.L2(4)) 4 5
6× L2(4).2
† 4 7
2.L2(9), 2.L2(9).22 2 9
c ◦ (2.L2(9)), c ∈ {10, 20, 40, 80} 2 81
c ◦ (2.L2(9)).22, c ∈ {10, 16, 20, 40, 80} 2 81
3.L2(9) 3 4
L2(9) ≤ G ≤ F
×
9 × L2(9).22 3 9
F×16 ◦ (3.L2(9)) 3 16
c ◦ (3.L2(9)), c | 18
† 3 19
b(G) G d r
2 c ◦ (3.L2(9)), c ∈ {5, 15, 30}
† 3 31
c ◦ (3.L2(9)), c | 24 even 3 25
c ◦ (3.L2(9).23), c | 24 even 3 25
L2(9), L2(9).23 4 3
L2(9) ≤ G ≤ F
×
4 × L2(9).21 4 4
2.L2(9) ≤ G ≤ F
×
5 ◦ (2.L2(9).21) 4 5
F×7 ◦ (2.L2(9))
† 4 7
L2(9).21, F
×
8 × L2(9).21 4 8
L2(9).21 4 9
2× L2(9) ≤ G ≤ F
×
9 × L2(9).2
2 4 9
L2(9) < G ≤ F
×
5 ◦ (2.L2(9).21) 5 5
c× L2(9).21, c ∈ {2, 3, 6}
† 5 7
L2(9).2
2, F×3 × L2(9).2
2∗ 9 3
L4(2) ≤ G < F
×
3 × L4(2).2 7 3
L4(2) ≤ G ≤ F
×
5 × L4(2).2 7 5
L4(2) < G ≤ F
×
7 × L4(2).2 7 7
L4(2).2 ≤ G ≤ F
×
9 × L4(2).2 7 9
2.L4(2) 8 3
2.L4(2) ≤ G ≤ F
×
5 × (2.L4(2).2) 8 5
L4(2).c, c ∈ {1, 2} 14 2
3 L2(9) 4 2
F×3 × L2(9) 4 3
L2(9).21, F
×
3 × L2(9).21 4 3
F×3 × L4(2).2 7 3
4 L2(9).21 4 2
Table 1.3. Pairs (G,V ) with G an almost quasisimple group of Lie type for which
b(G) > 1 and E(G)/Z(E(G)) is isomorphic to an alternating group.
2. Preliminaries
From now on, we will let G be an almost quasisimple group, and V = Vd(r) be an irreducible
FrG-module, that is also absolutely irreducible under the action of E(G). By Remark 1.3, we will
also assume that (|G|, |V |) > 1. For g ∈ G, let EVmax(g) (or just Emax(g)) denote the dimension of the
largest eigenspace of g on V = V ⊗ Fr. For a prime r0 dividing |G|, we will denote by gr0 an element
of order r0, and by gr′0 an element of prime order not r0. For a set of primes P , we will denote gP an
element whose order lies in P , and will use gP ′ to denote an element of prime order whose order does
not lie in P . We say that x ∈ G is of projective prime order if xF (G) has prime order in G/F (G).
2.1. Minimal degrees of cross-characteristic representations. The degrees of irreducible cross-
characteristic representations of quasisimple groups of Lie type are not known in general. However,
we are able to rely on some partial results. Hiss and Malle [24] give a complete list of irreducible
representations of quasisimple groups of degree at most 250. This suffices for our examination of the
exceptional groups and small classical groups. For large classical groups, we instead utilise results
giving the minimal degree of a representation in cross-characteristic, and lower bounds on the degree
of the next smallest representation. We outline some of these results below.
Proposition 2.1 ([35, Tables I, II]). Suppose H = H(q), q = pe, is a quasisimple group of Lie type
acting irreducibly on the FrH-module V with p ∤ r. Then dimV ≥ d1(H), where d1(H) is given in
Table 2.1.
For linear groups, the following result will also be useful.
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Exceptions
H/Z(H) d1(H) (n, q) d1(H)
PSL2(q) (q − 1)/(2, q − 1) (2, 4) 2
(2, 9) 3
PSLn(q), n ≥ 3
qn−q
q−1 − 1 (3, 2) 2
(3,4) 4
(4, 2) 6
(4,3) 26
PSUn(q), n ≥ 3 ⌊
qn−1
q+1 ⌋ (4, 2) 4
(4,3) 6
PSp2n(q), n ≥ 2 , 2 ∤ q
1
2 (q
n − 1)
PSp2n(q), n ≥ 2, 2 | q
(qn−1)(qn−q)
2(q+1)
(2, 2) 4
PΩ+2n(q), n ≥ 4, q > 3
(qn−1)(qn−1+q)
q2−1
− 2
PΩ+2n(q), n ≥ 4, q ≤ 3
(qn−1)(qn−1−1)
q2−1
− 2 (4, 2) 8
PΩ−2n(q), n ≥ 4
(qn+1)(qn−1−q)
q2−1
− 1
PΩ2n+1(q),n ≥ 3, q > 3
q2n−1
q2−1
− 2
PΩ2n+1(q), n ≥ 3, q = 3
(qn−1)(qn−q)
q2−1
(3, 3) 27
Exceptions
H/Z(H) d1(H) q d1(H)
3D4(q) q
5 − q3 + q − 1
E6(q) (q
5 + q)(q6 + q3 + 1) − 1
E7(q) q
17 − q15
E8(q) q
29 − q27
F4(q), q odd q
8 + q4 − 2
F4(q), q even
1
2 (q
3 − 1)(q8 − q7) 2 52
G2(q), q ≡ 0(3) q
4 + q2 3 14
G2(q), q ≡ 1(3) q
3 − 1 4 12
G2(q)
′, q ≡ 2(3) q3
2B2(q) (q − 1)
√
q/2 8 8
2G2(q)
′ q(q − 1)
2E6(q) (q
5 + q)(q6 − q3 + 1)− 1 2 1938
2F4(q)
′ (q5 − q4)
√
q/2 2 26
Table 2.1. Lower bounds d1(G) on representation degrees in cross-characteristic r.
Proposition 2.2 ([35, Theorem 4.1]). Suppose G = SLn(q) with n ≥ 3, and (n, q) 6= (3, 2), (3, 4),
(4, 2), (4, 3), (6, 2) or (6, 3). If V is a non-trivial absolutely irreducible FrG-module of dimension less
than 

(q − 1)(q2 − 1)/(3, q − 1) if n = 3
(q − 1)(q3 − 1)/(2, q − 1) if n = 4
(qn−1 − 1)
(
qn−2−q
q−1 − 1
)
if n ≥ 5
then V has dimension (qn − q)/(q − 1) or (qn − 1)/(q − 1).
2.2. Properties of prime order elements in groups of Lie type. For G0 a simple group, and
non-identity x ∈ Aut(G0), define α(x) to be the minimal number of G0-conjugates of x needed to
generate the group 〈G0, x〉. For a projective prime order element g of an almost quasisimple group G,
define α(g) = α(gF (G)), and also define
α(G) = max {α(x) | 1 6= x ∈ G/F (G)}.
We now give some results which compute bounds on α(G) for G a group of Lie type.
Proposition 2.3 ([20, Lemma 3.1]). Let H be an almost simple group with soc(H) ∼= PSL2(q), and
let x ∈ H have prime order r. Then α(x) ≤ 3 unless:
(i) x is an involutory field automorphism and α(x) ≤ 4, except α(x) = 5 for q = 9, or
(ii) q = 5, x is an involutory diagonal automorphism, and α(x) = 4.
Moreover, if the order of x is odd, then α(x) = 2, unless q = 9, r = 3 and α(x) = 3.
Proposition 2.4 ([20, Theorems 4.1, 5.1]). Let G be an almost simple classical group over Fq with
socle soc(G) = G0 and natural module of dimension n ≥ 3, taking n ≥ 7 for G an orthogonal group.
Then for x ∈ G \ {1}, one of the following holds:
(i) α(x) ≤ n,
(ii) G0 = PSpn(q), q even,and α(x) = n+ 1,
(iii) G0 = L3(q), x is an involutory graph-field automorphism and α(x) ≤ 4,
(iv) G0 = L
ǫ
4(q) with q ≥ 3, and x is an involutory graph automorphism and α(x) ≤ 6,
(v) G0 = PSp4(q), q 6= 3 and α(x) ≤ 5, or
(vi) G0 = U3(3), x is an inner involution with α(x) = 4,
(vii) G0 = L
ǫ
4(2).
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Furthermore, if G0 is a simple exceptional group of Lie type of untwisted Lie rank l, then α(x) ≤ l+3,
except a(x) ≤ 8 for G0 = F4(q). Moreover α(x) ≤ 3 for G0 =
2G2(q) or
2B2(q).
We also have these more precise bounds for symplectic and orthogonal groups.
Proposition 2.5 ([20, Theorem 4.3]). Suppose G0 = PSp2m(q), and x ∈ Aut(G0). Then either:
(i) α(x) ≤ m+ 3,
(ii) x is a transvection and α(x) = 2m or 2m+ 1 if q is odd or even respectively, or
(iii) (m, q) = (2, 3) and x is an involution with α(x) = 6.
Proposition 2.6 ([20, Theorem 4.4]). Suppose G0 = PΩ
ǫ
n(q) with n = 2m where m ≥ 4,or n = 2m+1
with m ≥ 3 and q odd. Then if x ∈ Aut(G0), either
(i) α(x) ≤ m+ 3,
(ii) q is odd, x is a reflection and α(x) = n, or
(iii) q is even and x is a transvection with α(x) = n.
The remaining lemmas in this section count certain types of elements of prime order in groups of
Lie type. Let ip(G) denote the number of elements of order p in the group G. We adopt the definition
of Frobenius endomorphism found in [17, Definition 2.1.9].
Proposition 2.7 ([30, Proposition 1.3]). Let G¯ be a simple algebraic group over F¯p with associated
root system Φ. Let σ be a Frobenius endomorphism of G¯ such that G0 = G¯σ
′ is a finite simple group
of Lie type over Fq. Assume that G0 is not of type
2F4,
2G2 or
2B2. Then
(i) i2(Aut(G0)) < 2(q
N2 + qN2−1), where N2 = dim G¯−
1
2 |Φ|, and
(ii) i3(Aut(G0)) < 2(q
N3 + qN3−1), where N3 = dim G¯−
1
3 |Φ|.
We define graph and graph-field automorphisms of groups of Lie type following [17, Definition
2.5.13].
Lemma 2.8. For N = Aut(PSLǫn(q)), let γ(N) denote the number of involutory graph automorphisms
in N . Then
(i) γ(Aut(PSLn(q))) ≤ 2q
(n2+n)/2−1,
(ii) γ(Aut(PSUn(q))) ≤ 4q
(n2+n)/2−1, and
(iii) the number of graph–field automorphisms in Aut(PSLn(q)) is less than 2q
(n2−1)/2.
Proof. First let H = PGLn(q). We adopt the notation of [5, §3.2.5]. When n is even and q is odd
there are three distinct H-conjugacy classes of graph automorphisms [5, Table B.3] satisfying
|γH1 | =
|PGLn(q)|
|PGSpn(q)|
= q
n2
4
−n
2
n/2−1∏
i=1
(q2i+1 − 1) < q
n2−n
2
−1,
|γH2 | =
|PGLn(q)|
|PGO+n (q)|
=
1
2
q
n2
4 (qn/2 + 1)
n/2∏
i=2
(q2i−1 − 1) <
1
2
q
n2
2
−1(qn/2 + 1),
|(γ′2)
H | =
|PGLn(q)|
|PGO−n (q)|
=
1
2
q
n2
4 (qn/2 − 1)
n/2∏
i=2
(q2i−1 − 1) <
1
2
q
n2
2
−1(qn/2 − 1),
where PGSpn(q) and PGO
±
n (q) are the conformal symplectic and orthogonal groups respectively.
We have |γH1 | + |γ
H
2 | + |(γ
′
2)
H | < q
n2−n
2
−1 + 12q
n2
2
−1(qn/2 + 1) + 12q
n2
2
−1(qn/2 − 1) < 2q
n2+n
2
−1 as
required. If instead n is even and q is even, then there are two PGLn(q)-conjugacy classes of graph
automorphisms, namely γH1 (as above) and γ
H
3 . The total number of graph automorphisms in this
case is
|γH1 |+ |γ
H
3 | < q
n2−n
2
−1+
|PGLn(q)|
qn2/4
∏n/2−1
i=1 (q
2i − 1)
= q
n2−n
2
−1+ q
n2
4
−n
2 (qn − 1)
n/2∏
i=2
(q2i−1 − 1) < 2q
n2+n
2
−1.
8 MELISSA LEE
If n is odd, then there is only one PGLn(q)-conjugacy class of graph automorphisms, satisfying
|γH1 | ≤
|PGLn(q)|
|Spn−1(q)|
= q
n2−1
4
(n+1)/2∏
i=2
(q2i−1 − 1) < q
n2+n
2
−1.
Now letH = PGUn(q). By [5, Table B.4], for a given n and q, the number and sizes of conjugacy classes
of involutory graph automorphisms lying in Aut(PSUn(q)) are the same as those in PGLn(q). Since
1
2q
n2−1 < |PGLǫn(q)| < q
n2−1 (see [4, Proposition 3.9(ii)] for example, we have |PGUn(q)|/|PGLn(q)| <
2, and the result for part (ii) follows. Finally, if q is a square, there is one PGLn(q)-conjugacy class of
graph–field automorphisms and the size of this class is
|PGLn(q)|
|PGUn(q1/2)|
< 2q
n2−1
2 .

2.3. Weil representations of symplectic and unitary groups. We give some background on
Weil representations of Sp2m(q), q odd, and SUm(q), beginning with the former. Suppose q = p
e is
odd, and let r0 ∤ q be a prime. Let S = q
1+2m be a special group with exponent p and Z(S) = S′
of order q. For every non-trivial irreducible character χ of Z(S), there is a unique irreducible qm-
dimensional representation of S over Fr0 where Z(S) acts via χ [19, §5]. Now, Sp2m(q) acts as a
group of automorphisms of S, so preserves the character of the qm-dimensional representation. Let
H = S : Sp2m(q). We may construct an irreducible Fr0H-module V0 which restricts to S as the
qm-dimensional representation.
The restriction of V0 to Sp2m(q) is called a Weil module for Sp2m(q), with corresponding Weil char-
acter. The non-trivial irreducible constituents of this Weil representation correspond to the minimal
degree representations of Sp2m(q), q odd, in characteristic r0, unless (m, q) = (2, 2) (cf. Table 2.1). In
our work, we will additionally use the terms Weil representation and Weil module to refer to one of
these (absolutely) irreducible constituents. If r0 6= 2, there are four inequivalent such Weil modules
of Sp2m(q) in characteristic r0 – two of dimension (q
m − 1)/2, and two of dimension (qm + 1)/2. If
instead r0 = 2, then there are two Weil modules up to equivalence, both of dimension (q
m− 1)/2 [34].
The Weil modules for a unitary group SUm(q) ≤ Sp2m(q) for q odd are the constituents of the
restriction of V0 to SUm(q). These Weil modules for SUm(q) are of dimension (q
m − (−1)m)/(q + 1)
or (qm + q(−1)m)/(q + 1), with the number of modules of each dimension dependent on r0, m and q
[25]. If m ≥ 4 and (m, q) 6= (4, 3), then these irreducible Weil representations are the minimal degree
representations of SUm(q), q odd, in characteristic r0.
For unitary groups, we may additionally define Weil modules for q even [36, §4]. In this case, r0 is
odd, and there is an irreducible embedding of the symplectic type group 4 ◦ 21+2m into GL2m(Fr0),
with normaliser F
×
r0 ◦ 2
1+2m.Sp2m(q). This is a non-split extension. However, 4 ◦ 2
1+2m.SUm(q) is a
split extension, and the constituents of the restriction of V0 = V2m(Fr0) to SUm(q) give a set of Weil
modules for SUm(q). Similarly to q odd, if m ≥ 4 and (m, q) 6= (4, 2), then these irreducible Weil
representations are the minimal degree representations of SUm(q) in characteristic r0.
As in the case of the symplectic groups, we will also sometimes use the term Weil module to refer
to the qm-dimensional restriction of V0 to SUm(q).
We can often infer the values of the Brauer character of a qm dimensional Weil representation over
Fr from those of the ordinary (complex) character. This allows us to place upper bounds on the
eigenspace dimensions of group elements on the irreducible constituents. The following results give us
the means to compute these ordinary character values.
Proposition 2.9 ([26, Theorem 4.8]). Suppose q is an odd prime power. Then Sp2m(q) has irreducible
ordinary Weil characters χ1, χ2 of degrees (q
m ± 1)/2. Moreover, |χ1(g) + χ2(g)|
2 = |CW (g)| for all
g ∈ Sp2m(q), where W is the natural module for Sp2m(q) over Fq.
Proposition 2.10 ([21, Corollary 4.9.2]). For g ∈ SUn(q), the ordinary Weil character of degree q
n
of SUn(q) has value (−1)
n(−q)dimCW (g), where W is the natural module for SUn(q).
Proposition 2.11. Suppose G is a group acting irreducibly on the FrG-module V = Vd(Fr) with
corresponding Brauer character ρ. Suppose x ∈ G is of prime order p ∤ r. Let Ex denote the set of
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eigenvalues of x (including multiplicities), Ω denote the set of primitive pth roots of unity in Fr, and
Ω = Ω ∪ {1}. Let c ∈ N. Then:
(i) If ρ(x) = c, then Ex = (1
c,Ω(d−c)/p).
(ii) If ρ(x) = −c, then Ex = (Ω
c
,Ω(d−cp+c)/p) = (Ω
(d+c)/p
, 1(d−cp+c)/p).
Proof. Notice that the sets Ex in parts i) and ii) sum to ρ(x) in each case, so it remains to show that
Ex is uniquely determined. The primitive pth roots of unity are linearly independent over Z, which
implies uniqueness. 
Proposition 2.12 ([5, Propositions 3.3.2, 3.4.3]). Suppose g is a semisimple element of odd prime
order r0 in Spn(q) or SUn(q). Define i = min{k ∈ N | r0 | q
k − 1}. Let t = 1/2 if g ∈ SUn(q) has
i ≡ 2(4) and i > 2, let t = 1 if i is even otherwise, and let t = 2 if i is odd. Then unless g ∈ SUn(q)
and i = 2,
dimCW (g) ∈
{
n− tij | 1 ≤ j ≤
⌊n
ti
⌋}
For large symplectic and unitary groups it will also be useful to bound the degree of the smallest
representation that is not a Weil representation.
Proposition 2.13 ([25]). Suppose G = SUn(q) with n ≥ 4 and (n, q) 6= (4, 2), (4, 3). Let F be an
algebraically closed field of characteristic r 6= p. Suppose that V is a non-trivial absolutely irreducible
FG-module of degree less than{
(q2 + 1)(q2 − q + 1)/(2, q − 1)− 1 if n = 4,
(qn−2 − 1)(q − 1)(qn−2 − 1)/(q + 1) if n ≥ 5
Then V is a Weil module of degree (qn−(−1)n)/(q+1)−1, (qn−(−1)n)/(q+1) or (qn+q(−1)n)/(q+1).
Proposition 2.14 ([19] ). Suppose G = Sp2m(q) with n ≥ 2, q odd and (m, q) 6= (2, 3). Let F be an
algebraically closed field of characteristic r 6= p. If V is a non-trivial absolutely irreducible FG-module
of dimension less than (qm − 1)(qm − q)/2(q + 1), then V is a Weil module of dimension (qm ± 1)/2.
3. Techniques
Let G be an almost quasisimple group with E(G) a quasisimple group of Lie type acting absolutely
irreducibly on Vd(r) in cross characteristic. Recall that we also assume (r, |G|) > 1, since the co-prime
case was completed by [29]. Our method of proof for Theorem 1.1 relies heavily on the observation
that if G has no regular orbit on V , then V is the union of the fixed points spaces CV (g) for g ∈ G\{1}.
Since conjugates in G have fixed point spaces of the same dimension, we have
|V | ≤
∑
x∈X
|xG||CV (x)|, (1)
where X is a set of non-identity conjugacy class representatives of G.
The following proposition gives the main results used to prove Theorem 1.1. For G an almost
quasisimple group, let Gs denote the set of elements of G of projective prime order s, and Gs′ denote
the set of elements of G with projective prime order coprime to s.
Proposition 3.1. Let G ≤ GL(V ) be an almost quasisimple group, acting irreducibly on the d-
dimensional module V = Vd(r) over Fr. Set H = G/F (G) and let P be a set of conjugacy class
representatives of elements of projective prime order in G. For x ∈ G, let x¯ = xF (G) ∈ H, and
denote the order of x¯ by o(x¯). Also let V = V ⊗ Fr. Then the following statements hold.
(i) For ν ∈ Fr, the ν-eigenspace Eν(x) of x ∈ G on V satisfies
dimFr(Eν(x)) ≤
⌊
dimFr(V )
(
1−
1
α(x)
)⌋
.
Further, if G has no regular orbit on V = Vd(r) with r = s
e for s prime, then:
(ii)
|V | ≤
∑
x∈P
∑
κ∈Fr
1
o(x¯)− 1
|x¯H ||CV (κx)|.
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(iii)
|V | ≤
∑
x∈P∩Gs′
o(x¯)
o(x¯)− 1
|x¯H |max{|CV (κx)| | κ ∈ F
×
r }+
∑
x∈P∩Gs
1
o(x¯)− 1
|x¯H ||CV (x)|.
(iv)
|V | ≤ 2
∑
x∈P∩Gs′
|x¯H |max{|CV (κx)| | κ ∈ F
×
r }+
∑
x∈P∩Gs
1
o(x¯)− 1
|x¯H ||CV (x)|.
(v)
|V | = rd ≤ 2
∑
x∈P∩Gs′
|x¯H |r⌊(1−1/α(x))d⌋ +
∑
x∈P∩Gs
1
o(x¯)− 1
|x¯H |r⌊(1−1/α(x))d⌋ , (2)
and for fixed r, if this inequality fails for a given d, then it fails for all d1 ≥ d.
Proof. Part (i) follows from [22, p. 454]. We will prove the other parts of the proposition simultane-
ously. Let x ∈ G be of projective prime order. Then there exists a prime a such that xa = z ∈ F (G).
Now, we may choose zˆ ∈ F
×
r so that zˆ
a = z−1, and so g = zˆx ∈ F
×
r .G has prime order a. Then g
has at most a eigenspaces on V ⊗ Fr, and therefore x has at most a eigenspaces on V . Recall that
H = G/F (G), and let H be a set of coset representatives of elements of prime order in H. Now
assuming that G has no regular orbit on V ,
V =
⋃
x∈H
⋃
κ∈F (G)
CV (κx). (3)
From (3), noting that CV (κx) is precisely the κ
−1 eigenspace of x, and that CV (g) ⊆ CV (g
i) for all
g ∈ G \ F (G), we have
|V | ≤
∑
x∈H
∑
κ∈Fr
1
o(x¯)− 1
|CV (κx)|
=
∑
x∈P
∑
κ∈Fr
1
o(x¯)− 1
|x¯H ||CV (κx)|
≤
∑
x∈P∩Gs′
o(x¯)
o(x¯)− 1
|x¯H |max{|CV (κx)| | κ ∈ F
×
r }+
∑
x∈P∩Gs
1
o(x¯)− 1
|x¯H ||CV (x)|,
since unipotent elements in V have only one eigenspace. We have thus proved (ii) and (iii). Further,
(iv) follows from (iii) since o(x¯) ≥ 2, and (2) in (v) follows from (iv) and (i). Finally, we prove that if
we fix r and (2) fails for a given d, then it fails for every d1 ≥ d. Write d1 = d + k. Comparing (2)
for d and d1, we see that the proof reduces to showing that for x ∈ P we have ⌊(1− 1/α(x))d⌋ + k ≥
⌊(1 − 1/α(x))(d + k)⌋. We observe that ⌊(1 − 1/α(x))d⌋ + k = ⌊(1 − 1/α(x))d + k⌋ and the result
follows. 
The next two results present additional methods of bounding CV (g) for g of projective prime order
in G.
Proposition 3.2. Suppose that G is a finite group and V is an FrG-module. Let V1, . . . Vk be the
composition factors of V under the action of G. Then for an element x ∈ G,
dimCV (x) ≤
k∑
i=1
dimCVi(x).
Proof. The proof follows from an elementary induction argument on the number of composition factors
of V . 
When considering the restriction of a module V for G to a subgroup H ≤ G, we will often denote
the composition factors of V by their dimensions and separate composition factors by the symbol /.
We also sometimes use the notation dk to denote k copies of a composition factor of dimension d. See
the proof of Proposition 5.4, for example.
For g ∈ G, let EVmax(g) (or just Emax(g)) denote the dimension of the largest eigenspace of g on
V = V ⊗ Fr.
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Proposition 3.3 ([33, Lemma 3.7]). Let V1 and V2 be vector spaces over Fr of dimension d1 and d2
respectively. Then if g = g1 ⊗ g2 ∈ GL(V1)⊗GL(V2) is an element of projective prime order that acts
on V = V1 ⊗ V2, then
EVmax(g) ≤ min
{
d2E
V1
max(g1), d1E
V2
max(g2)
}
.
where Vi = Vi ⊗ Fr.
Proof. This follows from [33, Lemma 3.7] with the observation that any element of projective prime
order is of the form λx for λ ∈ Fr and x an element of prime order in GL(V1)⊗GL(V2). 
Given a family of almost quasisimple groups of Lie type G, our proof of Theorem 1.1 proceeds as
follows. We first determine an upper bound on α(G) and a lower bound on d1(G) for groups G in the
family, and note that from Proposition 3.1(v), if G has no regular orbit on V = Vd(r), then
rd − 2
∑
x∈P
|xH |r⌊(1−1/α(x))d⌋ ≤ 0.
The left hand side is increasing with respect to dimV , so by substituting in d1(G) and α(G), we may
easily prove that most groups in the family satisfy Theorem 1.1, leaving us with a finite collection of
groups G and irreducible modules V = Vd(r) to consider. We consider these cases individually. We
start by checking whether |G| > |V |, since this implies the non-existence of a regular orbit. If this is
the case, we can usually determine the base size either computationally in GAP [12] or Magma [3], or
by using the following lemma.
Lemma 3.4. Suppose V is a d-dimensional vector space over Fr, and let G ≤ GL(V ). If G has a
base of size c on V ⊗ Fri, then G has a base of size at most ci on V .
Proof. Let {v1, . . . vc} be a base for G acting on V ⊗ Fri . Write each vj as vj =
∑i
k=1 ηkwj,k, where
wj,k ∈ V and η1, . . . ηi is a basis for Fri over Fr. Then {wj,k | 1 ≤ j ≤ c, 1 ≤ k ≤ i} is a base for G,
since any non-trivial g ∈ G stabilising the set must also stabilise {v1, . . . vc}. 
If instead |G| < |V |, we aim to apply Proposition 3.1 to prove the existence of a regular orbit. In
order to apply Proposition 3.1, we usually need to compute the sizes of conjugacy classes of elements
of prime order in G/F (G), and the eigenspace dimensions of their preimages in G on V . We determine
conjugacy class orders using GAP [12] or [5]. Eigenspace dimensions of projective prime order elements
are determined (or at least bounded from above) using one of a number of methods. We may use
Proposition 3.1(i) along with results from Section 2.2, or refine upper bounds of α(x) for x ∈ G in GAP.
If the Brauer character of V is available in [28], we may use it to determine eigenspace dimensions
for semisimple elements. We may also seek to restrict V to a subgroup of G and apply Proposition
3.2. If we are not able to use these methods to successfully complete a proof by contradiction with
an application of Proposition 3.1, we resort to computational methods. We use the generators of
some irreducible modules in the online ATLAS [1] and construct them in GAP, or compute generators
explictly in Magma [3]. Once we have constructed V , we then either determine eigenspace dimensions
of projective prime order elements to enable us to apply Proposition 3.1, or determine computationally
whether G has a regular orbit on V . We are grateful to Eamonn O’Brien and Ju¨rgen Mu¨ller for their
assistance with certain computationally intensive calculations for groups G with E(G)/Z(E(G)) equal
to one of: L2(q) with 11 ≤ q ≤ 81, L3(4), L4(3), U3(3), U3(7), U4(3), U5(2), U5(3), U6(2), PSp4(9),
PSp6(2), PSp6(3), PΩ
+
8 (2), G2(4) or
3D4(2).
4. Proof of Theorem 1.1: Linear groups
In this section, we set out to prove the following proposition.
Theorem 4.1. Suppose G is an almost quasisimple group with E(G)/Z(E(G)) ∼= PSLn(q), with
n ≥ 2. Let V = Vd(r), (r, q) = 1 be a module for G, with absolutely irreducible restriction to E(G).
Also suppose that (r, |G|) > 1. Then either:
(i) b(G) = ⌈log |G|/ log |V |⌉, or
(ii) b(G) = ⌈log |G|/ log |V |⌉+ 1 and (G,V ) appear in Table 1.1.
Let G be an almost quasisimple group with E(G)/Z(E(G)) = PSLn(q).
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Proposition 4.2. Theorem 4.1 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= PSL2(q) with
q ≥ 7 and q 6= 9.
Proof. As above we assume q > 7 and q 6= 9. In addition to cross-characteristic representations, we
must also consider representations of L2(8) in characteristic 2, due to the exceptional isomorphism
L2(8) ∼=
2G2(3)
′. Now [24, Table 2] provides a list of cross-characteristic representations of E(G). The
number of involutions in G/F (G) is at most 2(q2 + q) by Proposition 2.7, and the number of field
automorphisms of order 2 is at most q1/2(q1/2 + 1)(q + 1) by [5, Table B.3]. If G has no regular orbit
on V = Vd(r) then by Propositions 2.3 and 3.1(v),
rd ≤ 4(q2 + q)r⌊2d/3⌋ + 2q1/2(q1/2 + 1)(q + 1)r⌊3d/4⌋ + 2|PΓL(2, q)|r⌊d/2⌋
since the number of odd prime order elements in G/F (G) is bounded above by |PΓL(2, q)|. By
Proposition 2.1, d1(G) = (q − 1)/(2, q − 1) and when we substitute this in to the inequality, we see
that this gives a contradiction for all q except q ≤ 113 for q odd and q ≤ 32 for q even. If 83 ≤ q ≤ 113,
then q is prime, we only need to consider r = 2, and d = (q ± 1)/2. Let iP (H) denote the number of
prime order elements in a finite group H. If G has no regular orbit on V then
rd ≤ i2(Aut(L2(q)))r
⌊2d/3⌋ + 2iP (Aut(L2(q)))r
⌊d/2⌋, (4)
where we calculate i2(G) and 2iP (Aut(L2(q))) in GAP. This is a contradiction for q with 83 ≤ q ≤ 113.
We further use this inequality (with the exponent ⌊2d/3⌋ replaced with ⌊3d/4⌋ if q is a square to account
for involutory field automorphisms) to determine the values of r we need to consider for the remaining
values of q. We further note that the characters corresponding to the representations of dimension
(q ± 1)/2 for q odd contain bq irrationalities. The remaining cross-characteristic cases to consider are
summarised in Table 4.1.
Upper bound for r
q d = (q − 1)/2 d = (q + 1)/2 d ≥ q − 1
11 17 17 4
13 19 8 4
17 9 7 3
19 9 5 3
23 5 3 2
25 11 3 3
27 4 – 2
29 4 3 2
31 4 3 2
37 3 3 –
41 3 3 –
43 3 – –
47 2 – –
49 4 3 2
81 2 – –
Upper bound for r
q d = q − 1 d = q d = q + 1
8 5 5 3
16 3 3 3
Table 4.1. Remaining cases for L2(q) in cross-characteristic.
We obtain the set of absolutely irreducible modules to consider from [24] and also the relevant Brauer
character tables. We do not include the modules that fail (4). Apart from some cases addressed in
Table 4.2, which were determined using constructions in Magma, all of the remaining cases are included
in Table 4.3. The first column of Table 4.3 gives the layer E(G) of G. The second column gives a
list of primes (apart from 2 and 3) which divide the order of E(G), given in ascending order. The
third column gives the dimension d and the field size r of the irreducible module V = Vd(r) being
considered. The remaining columns give the eigenspace dimensions of elements of projective prime
order on V . The eigenspace dimensions for the semisimple elements (i.e., those elements whose order is
coprime to r) are sourced from the corresponding Brauer character, found either in [28] or constructed
in GAP. We write the eigenspace dimensions using index notation so that, for example, we denote a
set of eigenspaces with dimensions 16,12,12 as (16, 122). The eigenspace bounds for elements of prime
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order dividing r are derived from Lemma 2.3 or from an explicit construction of the module in GAP.
We then apply Proposition 3.1(ii) to each module in Table 4.3. For example, suppose E(G) = L2(81)
and V = V40(2), and let H = G/F (G). If G has no regular orbit on V , then by Proposition 3.1(ii),
r40 ≤ (i2(H)− |2C|)r
20 + |2C|r30 +
1
2
i3(H)(r
16 + 2r12) +
1
4
i5(H)(5r
8) +
1
40
i41(H)(40r)
≤ (7299 − 3240)r20 + 3240r30 +
1
2
6560(r16 + 2r12) +
1
4
13284(5r8) +
1
40
129600(40r).
This is a contradiction for r = 2, so G has a regular orbit on V .
Applying Proposition 3.1(ii) to each module in Table 4.3, we see that in all cases, G has a regular
orbit on V . The asterisked cases in Table 4.2 require some extra explanation. If E(G)/Z(E(G)) ∼=
L2(13) and V = V6(4), then G has a regular orbit on V unless G = F
×
4 ◦ L2(13) where b(G) = 2.
If instead E(G)/Z(E(G)) ∼= L2(8) and V = V7(3) or V4(8), then b(G) = 2 unless G = L2(8), where
b(G) = 1. Finally, if V = V2(64), so G = c × L2(8) for some c | 63, then ⌈log |G|/ log |V |⌉ > 1 if and
only if c ≥ 9, and moreover b(G) = 2 if 3 | c and b(G) = 1 otherwise.
E(G)/Z(E(G)) (d, r) ⌈ log |G|log |V |⌉ b(G)
L2(31) (15, 2) 1 2
L2(25) (13, 3) 1 1
(12, 2) 2 2
L2(23) (11, 3) 1 1
(12, 3) 1 1
(11, 2) 2 2
L2(17) (16, 2) 1 1
(8, 2) 2 2
L2(13) (7, 3) 1 2
(6, 3k), k ≥ 2 1 1
(6, 3) 2 2
(14, 2) 1 2
(6, 16) 1 1
(6, 4) 1 2*
E(G)/Z(E(G)) (d, r) ⌈ log |G|log |V |⌉ b(G)
L2(11) (10, 3) 1 1
(10, 2) 1 2
(6, 3) 1 2
(5, 5) 1 2
(5, 4) 1 2
(5, 3) 2 2
(6, 5) 1 1
L2(8) (7, 3) 1 2*
(8, 2) 2 2
(4, 8) 1 2*
(2, 512) 1 1
(2, 64) 1 2*
(2, 8) 2 2
Table 4.2. Base sizes for some irreducible modules for G with E(G)/Z(E(G)) ∼= L2(q).
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Projective prime order
E(G) (p3, p4, p5) (d, r) 2 3 p3 p4 p5
L2(81) (5, 41,−) (40, 2) 30 (2C), 20 (o/w) (15
2, 10) (3A) (85) (140) –
(16, 122) (3B) –
L2(49) (5, 7,−) (48, 2) 36 (16
3) (104, 8) (76, 6) –
(48, 2) 36 (163) (103, 92) (76, 6) –
(25, 3) (16, 9) (2C) 12 (55) (46, 1) (7A) –
(13, 12)(o/w) (7, 36) (7B)
(24, r), r = 2, 4 12 (83) (54, 4) (6, 36) (7A), (46) (7B) –
2.L2(49) (24, 3) (12
2) 12 (54, 4) (6, 36) (7A), (46) (7B) –
L2(47) (23, 47,−) (23, 2) 12 (8
2, 7) (123) (123) –
L2(43) (7, 11, 43) (21, 3) (11, 10) 10 (3
7) (210, 1) (121)
L2(41) (5, 7, 41) (21, 3) (11, 10) 10 (5, 4
4) (37) (121)
(20, 2) 10 (7, 62) (45) (36, 2) (120)
2.L2(41) (20, 3) (10
2) 10 (45) (36, 2) (120)
L2(37) (19, 37,−) (19, 3) (10, 9) 9 (1
19) (119) –
2.L2(37) (18, 3) (9
2) 9 (118) (118) –
L2(31) (5, 31,−) (32, 2) 21 (11
2, 10) (72, 63) (2, 130) –
(15, 4) 8 (53) (35) (115) –
L2(29) (5, 7, 29) (28, 2) 18 (10, 9
2) (64, 4) (74) (128)
(15, 3) (8, 7) 7 (35) (3, 26) (115)
(14, 4) 7 (52, 4) (34, 2) (27) (114)
2.L2(29) (14, 3) (7
2) 7 (34, 2) (27) (114)
L2(27) (7, 13,−) (13, 4) 7 (5, 4
2) (3C) (26, 1) (113) –
(6, 4, 3) (o/w)
L2(25) (5, 13,−) (12, r), r = 4, 8 8 (2D) 6 (o/w) (4
3) (4, 24), (34) (112) –
2.L2(25) (12, r) r = 3, 9 (6
2) 4 (4, 24), (34) (112) –
L2(23) (11, 23,−) (22, 2) 12 (8, 7
2) (211) (122) –
(11, 4) 6 (42, 3) (111) (111) –
L2(19) (5, 19,−) (20, 2) 11 (8, 6
2) (45) (2, 117) –
(19, 3) (10, 9) 9 (44, 3) (119) –
(9, 9) (5, 4) 4 (24, 1) (19) –
(9, 4) 5 (33) (24, 1) (19) –
(9, 5) (5, 4) (33) 4 (19) –
2.L2(19) (18, 3) (9
2) 6 (44, 2) (118) –
(10, 5) (52) (4, 32) 5 (110) –
(10, 9) (52) 5 (25) (110) –
L2(17) (17,−,−) (18, 3) (10, 8) 6 (2, 1
16) – –
(16, 3) (82) (2A), (9, 7) (2B) 6 (116) – –
(9, 9) (5, 4) 3 (19) – –
2.L2(17) (8, 4) 4 (3
2, 2) (18) – –
(8, 9) (42) 3 (18) – –
L2(16) (5, 17,−) (16, 3) (8
2) (2A), (10, 6) (2B) 8 (4, 34) (116) –
L2(13) (13, 3) (7,6) 5 (2
6, 1) (113) –
2.L2(13) (7, 13,−) (14, 3) (7
2) 7 (27) (2, 112) –
L2(11) (5, 11,−) (12, 4) 8 (4
3) (32, 23) (2, 110) –
(5, 9) (3, 2) 2 (15) (15) –
(5, 16) 3 (22, 1) (15) (15) –
(10, 4) 6 (2A), 5 (2B) (4, 32) (25) (110) –
2.L2(11) (10, 3) (5
2) 5 (25) (110) –
(6, 9) (3, 3) 2 (2, 14) (16) –
Table 4.3. Eigenspaces of projectively prime order elements on absolutely irreducible
V = Vd(r) for E(G)/Z(E(G)) = PSL2(q).
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
Proposition 4.3. Theorem 4.1 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= PSL3(q).
Proof. Suppose n = 3 and q 6= 2, 4. Then by Proposition 2.4, α(x) ≤ 3 unless x is a graph-field
involutory automorphism where α(x) ≤ 4. Therefore, if G has no regular orbit on V = Vd(r), then by
Proposition 3.1(v) and Lemma 2.8(i),
rd ≤ 2|PΓL3(q)|r
⌊2d/3⌋ + 4q5r⌊3d/4⌋,
since the number of non-graph prime order elements in G/F (G) is bounded above by |PΓL3(q)|. If
we substitute in d1(G) from Proposition 2.1 (as described in Section 3, then we obtain a contradiction
except for when (q, r) = (7, 2), q = 5 and r ≤ 3, and q = 3 with r ≤ 11, so G has a regular orbit on
all choices of V in all other cases.
We now examine each of the remaining cases, along with the cases with q = 2, 4 in detail.
Suppose that E(G)/Z(E(G)) ∼= PSL3(7) and r = 2. From [24], the smallest non-trivial representa-
tion of G when r = 2 has degree 56. The number of prime order elements in Aut(PSL3(7)) is 853481.
Therefore, by Proposition 3.1(v), if G has no regular orbit on V , then
2d ≤ 2× 853481 × 2⌊2d/3⌋
This gives a contradiction for all V except for V = V56(2) or V57(2). Therefore, G has a regular
orbit on V except perhaps when d = 56, 57. In the latter cases, examining the corresponding Brauer
character in [28], we determine that no element of G of odd projective prime order has eigenspace of
dimension greater than 24, i.e., Emax(g2′) ≤ 24. We also compute that i2(Aut(PSL3(7))) = 19551. So
if G has no regular orbit on V = Vd(2) with d ∈ {56, 57}, then by Proposition 3.1(iv),
2d ≤ 2× 853481 × 224 + 19551 × 2⌊2×d/3⌋
This is a contradiction for both values of d, so G has a regular orbit on V in both cases.
Now let E(G)/Z(E(G)) ∼= PSL3(5) and r ≤ 3. Since G has no graph-field automorphisms, α(x) ≤ 3
for all projective prime order x ∈ G. We also compute that the number of prime order elements in
G/F (G) is at most 154999. If G has no regular orbit on V = Vd(r), then r
d ≤ 2 × 154999r⌊2d/3⌋
which implies that d ≤ 54, 33 for r = 2 and 3 respectively. From [24] we deduce that we only need to
examine one representation of degree 30 for r = 2, while if r = 3, then there is one representation of
degree 30 and another of degree 31 to consider. First suppose r = 3. The Brauer character for the 30-
dimensional representation over L3(5).2 contains the irrationality r5 /∈ F3 so we only need to consider
this representation for L3(5). There are at most 15500 elements of order 3 in G/F (G), and at most
3875 involutions. Examining the Brauer characters of the 30- and 31- dimensional representations,
we find that Emax(g{2,3}′) ≤ 10 and 11 respectively. In addition, Emax(g2) ≤ 18 and 19 respectively.
Therefore, if G has no regular orbit on the 30-dimensional module, then by Proposition 3.1(iv),
r30 ≤ 2× 154999r10 + 2× 3875r18 + 15500r⌊2d/3⌋
which gives a contradiction for r = 3. A similar inequality gives the result for d = 31.
Now suppose that r = 2 and V = V30(2) is an absolutely irreducible F2E(G)-module. We determine
in Magma that Emax(g2) ≤ 18. Examining the Brauer character in [28], we see that elements in classes
3A and 5A have eigenspaces of dimension at most 10, and no other element of prime order has an
eigenspace of dimension greater than 6. Therefore, if G has no regular orbit on V , by Proposition
3.1(iv),
r30 ≤ 2× 154999r6 + 2(|3A| + |5A|)r10 + 3875r18
this is a contradiction for r = 2, so G has a regular orbit on V .
Suppose that E(G)/Z(E(G)) ∼= PSL3(4). By [5, Table B.3], the number of graph-field involutory
automorphisms in L3(4).D12 is |PGL(3, 4)|/|PGU(3, 2)| = 280, and we compute in GAP that the
number of prime order elements in G/F (G) is at most 20619. Therefore, if G has no regular orbit on
the irreducible module V then by Proposition 3.1(v),
rd ≤ 2× 20619r⌊2d/3⌋ + 2× 280r⌊3d/4⌋
Therefore, either G has a regular orbit on V , or V appears in Table 4.4. We will investigate the
remaining modules in decreasing order of dimension. We summarise our analysis across Tables 4.5
and 4.6. In Table 4.5, the eigenspaces for elements of projective prime order coprime to r are derived
16 MELISSA LEE
d E(G) Characteristic Irrationalities Notes
4 42.L3(4) 3 i1, r7 r = 9
k
6 6.L3(4) 6= 2, 3 z3 r = 25
k or 7k
6 2.L3(4) 3 r = 3
k
8 41.L3(4) 6= 2, 5 i1, b5 r = 9
8 41.L3(4) 5 i1 r = 5, 25
10 2.L3(4) 6= 2, 7 b7 r = 9
10 2.L3(4) 7 r = 7
15 L3(4) 3 r = 3
15 3.L3(4) 6= 2, 3 z3 r = 7
19 L3(4) 3,7 r = 3
Table 4.4. List of remaining cases for E(G)/Z(E(G)) ∼= PSL3(4).
E(G) (d, r) 2A 3A 5A 5B 7A 7B 2B 3B 3C 2C 2D
L3(4) (19, 3) (11, 8) 7 (4
4, 3) (44, 3) (36, 1) (36, 1) (10, 9) 12 9 (12, 7) (10, 9)
3.L3(4) (15, 7) (8, 7) (5
3) (35) (35) 10 10 (9, 6) – – – –
L3(4) (15, 3) (8, 7) 5 (3
5) (35) (3, 26) (3, 26) (9, 6) – – (9, 6) (9, 6)
2.L3(4) (10, 7) (6, 4) (4, 3
2) (25) (25) 2 2 (52) – – (7, 3) (6, 4)
(10, 9) (6, 4) 4 (25) (25) (23, 14) (23, 14) – – – (7, 3) –
41.L3(4) (8, 9) (4
2) 3 (23, 12) (23, 12) (2, 16) (2, 16) – – – – (5,3)
(8, 25) (42) (32, 2) 5 5 (2, 16) (2, 16) – – – – (5,3)
2.L3(4) (6, 3
k) (4, 2) 2 (2, 14) (2, 14) (16) (16) (32) – – (32) (32)
6.L3(4) (6, 5
k) (4, 2) (32) 2 2 (16) (16) (32) – – – –
6.L3(4) (6, 7
k) (4, 2) (32) (2, 14) (2, 14) 1 1 (32) – – – –
42.L3(4) (4, 9
k) (22) 2 (14) (14) (14) (14) – – – (3, 1) –
# elements 315 2240 4032 4032 2880 2880 280 672 1920 360 1008
Table 4.5. Eigenspace dimensions of projectively prime order elements in G with
E(G)/Z(E(G)) ∼= PSL3(4).
from the character table, while those of projective prime order dividing r are derived from Proposition
3.1(i), except if they are italicised, in which case the eigenspaces are computed from a construction in
GAP. Using Proposition 3.1 (ii), we see that if V lies in Table 4.4, either V also appears in Table 4.6,
where the base size b(G) is determined computationally from a construction in GAP, or G appears in
Table 4.5 and G has a regular orbit on V by Proposition 3.1(ii).
G (d, r) ⌈log |G|/ log |V |⌉ b(G)
2× L3(4).2
2 (15, 3) 1 1
41.L3(4) (8, 5) 1 1
41.L3(4).23 (8, 5) 1 2
2.L3(4) ≤ G ≤ F
×
r ◦ (2.L3(4).2
2) (6, 3) 2 3
(6, 9) 1 2
6.L3(4) ≤ G ≤ 6.L3(4).2
2 (6, 7) 2 2
42.L3(4) ≤ G ≤ F
×
9 ◦ (42.L3(4).22) (4, 9) 2 2
42.L3(4) ≤ G ≤ 20× F
×
81 ◦ (42L3(4).22) (4, 81) 1 1
Table 4.6. Some base size results for groups G with E(G)/Z(E(G)) ∼= PSL3(4).
Now let E(G)/Z(E(G)) ∼= PSL3(3) and r ∈ {2, 4, 8}. We compute that the number of prime order
elements in Aut(PSL3(3)) is 2807, and from Proposition 2.1, d1(E(G)) = 12. Therefore, if G has no
regular orbit on V then by Proposition 3.1(v) rd ≤ 2× 2807r⌊2d/3⌋. Substituting in the degrees of the
irreducible representations of G from [28], we see that G has a regular orbit on all V except possibly
when d ≤ 12, 18, 36 for r = 8, 4 and 2 respectively. From [24] we deduce that the modules we need to
consider are of dimensions 12 and 26. If d = 26 and r = 2, then constructing the module in GAP, we
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find that there is a regular orbit. We may also construct the 12-dimensional module in GAP. Note
that G has no regular orbit on the 12-dimensional module when r = 2, since |V | < |L3(3)|. When
r = 2, we find that there is a base of size two and when r = 4, 8, there is a regular orbit.
Finally, let E(G)/Z(E(G)) ∼= PSL3(2). Since L3(2) ∼= L2(7), we will consider representations
in all characteristics 2,3,7. By Proposition 2.1, we have d1(E(G)) ≥ 2, and α(x) ≤ 3 for non-
trivial x ∈ G/F (G) by Proposition 2.4, and we compute that there are 153 prime order elements in
Aut(PSL3(2)). If G has no regular orbit on V = Vd(r) then by Proposition 3.1(v),
rd ≤ 2× 153r⌊2d/3⌋
Substituting in d = 2 to find an upper bound on r to consider for each module, we see that G has a
regular orbit on V unless possibly when r ≤ 306.
We construct all of the modules V that are left to consider in GAP and determine their base sizes
computationally. We summarise our findings in Table 4.7. The first column of Table 4.7 gives the
layer E(G) and the second column gives the dimension of the module V being considered. The third
column gives information about the finite fields where V is realised. Here
ν =
{
1 if G/F (G) is simple,
2 otherwise.
The remaining columns give the base sizes of groups G with the specified E(G) on V = Vd(r). If
the entry is asterisked, then G has a regular orbit on V = Vd(r) if G = L3(2), and b(G) = 2
otherwise. The entry marked with a dagger represents that G has a regular orbit on V = V2(49) if
F (G) has order 2 or 6, and b(G) = 2 otherwise. There are some cases included in the table where
b(G) = ⌈log |G|/ log |V |⌉ + 1, namely G = L3(2), L3(2).2 or 2 ◦ L3(2) and V = V3(7); G = L3(2) and
V = V8(2); G quasisimple with |F (G)| = 4, 8, 12, or G/F (G) = L3(2).2, |F (G)| = 4, and V = V2(49).
All of these are included in Table 1.1.
E(G) d Field b(G) = 1 b(G) = 2 b(G) = 3
L3(2) 3 r = 2
k r = 8∗, r ≥ 16 r = 4 r = 2
r = 9k r ≥ 9∗
r = 7k r ≥ 49 r = 7
5 r = 7k r ≥ 7
6 r = 3k r ≥ 9 r = 3
7 r = 3k r ≥ 3
r = 7k r ≥ 7
8 r = 2k r ≥ 4 r = 2
2.L3(2) 2 r = 7
νk r = 49† r = 7
4 r = 9k r ≥ 9
r = 7νk r ≥ 7
6 r = 9νk r ≥ 9
r = 7νk r ≥ 7
Table 4.7. Base sizes of groups G with E(G)/Z(E(G)) ∼= L3(2) on irreducible V .

Proposition 4.4. Theorem 4.1 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= PSL4(q) with
q ≥ 3.
Proof. By Proposition 2.4, α(x) ≤ 4 unless x is an involutory graph automorphism where α(x) ≤ 6,
so if G has no regular orbit on V = Vd(r) then by Proposition 3.1(v) and Lemma 2.8(i),
rd ≤ 2|PΓL(4, q)|r⌊3d/4⌋ + 4q9r⌊5d/6⌋
Substituting in d = d1(G/F (G)) =
q4−q
q−1 − 1 for q > 3 and d = 26 for q = 3, we see that G has a
regular orbit on all irreducible V unless possibly when q = 3 and r ≤ 11.
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So suppose (n, q) = (4, 3). We first determine which modules we must consider. We compute
that the number of prime order elements in Aut(L4(3)) is 2279303, and the number of involutions
in G/F (G) is at most 27639. If G has no regular orbit on the d-dimensional module V , then by
Proposition 3.1(v) rd ≤ 2× 2279303r⌊3d/4⌋ + 2× 27639r⌊5d/6⌋ which implies that d ≤ 96, 48, 40, 30 for
r = 2, 4, 5 and 8 respectively. From [24], we deduce that the only modules left to consider are those
in Table 4.8, and also V = V26(2) or V38(2), where a construction in Magma shows that there is no
regular orbit of G on V if d = 26, but there is for d = 38. The bounds in Table 4.8 were obtained
from the Brauer characters, constructing the modules in GAP and Proposition 3.1(i). The asterisked
entry has a bound of 31 for involutions in classes 2D and 2E, and a bound of 25 otherwise. Therefore,
applying Proposition 3.1(ii), we find that G has a regular orbit on V for all cases in Table 4.8.
E(G) (d, r) 2A 2C Other
o(x) = 2
3A 3B Other
o(x) = 3
o(x) = 5 o(x) = 13
2.L4(3) (40, 5) 20 26 20 21 16 22 26 4
L4(3) (38, 5) 20 25 23 20 14 14 8 3
L4(3) (26, 5) 16 – 20 9 14 9 6 2
L4(3) (26, 2
k), k ≥ 2 16 – 14 9 14 9 6 2
(38, 2k), k ≥ 2 20 31 31∗ 20 8 8 8 3
#elements 2106 1080 24453 1040 3120 78000 303264 1866240
Table 4.8. Upper bounds on Emax for element of projective prime order in G where
E(G)/Z(E(G)) ∼= PSL4(3).

Proposition 4.5. Theorem 4.1 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= PSLn(q) with
n ≥ 5.
Proof. Suppose n ≥ 5. We begin by applying Proposition 3.1(v) with α(x) ≤ n from Proposition 2.4
and d1(G) ≥
qn−q
q−1 − 1 from Proposition 2.1. Therefore, if G has no regular orbit on V then
rd ≤ 2× |PΓLn(q).2|r
⌊n−1
n
d⌋
We find that G has a regular orbit on V except possibly when (n, q, r) lies in Table 4.9.
n q r
8 2 3
7 2 ≤ 5
6 2 ≤ 9
5 3 2
5 2 ≤ 17
Table 4.9. Remaining cases to consider when n ≥ 5.
We consult [24] to construct a list of modules to check, also making use of Proposition 2.2 for
(n, q) = (8, 2). We summarise our analysis of these remaining cases in Table 4.10. The bold entries
denote those upper bounds obtained from the corresponding Brauer characters, while the italicised
entries are computed from an explicit construction in GAP. The remaining entries are obtained by
applying Propositions 3.1(i) and 2.4. Applying Proposition 3.1(iii) to each module in Table 4.10 shows
that G has a regular orbit on V in all cases. The only cases not addressed in Table 4.10, are where
G = PSL5(2) or F
×
3 ◦ PSL5(2) and V = V30(3). These cases were investigated computationally using
a construction in Magma and there is a regular orbit in both cases.

Finally, we consider the cases where E(G)/Z(E(G)) is also isomorphic to an alternating group.
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E(G)/Z(E(G)) V o(x) = 2 o(x) = 3 o(x) | r Remaining prime order elements
PSL8(2) V253(3) 221 221 221 61
PSL7(2) V126(3) 94 62 62 42
PSL7(2) V126(5) 94 62 108 42
PSL6(2) V61(r), r = 3, 9 46 29 29 13
PSL6(2) V61(7) 46 30 50 14
PSL6(2) V62(5) 46 30 51 14
PSL5(3) V120(2) 96 66 96 66
PSL5(2) V30(5) 22 14 6 6
PSL5(2) V30(7) 22 14 6 6
PSL5(2) V30(9) 22 14 14 6
Table 4.10. Upper bounds on Emax for elements of projective prime order elements
in linear groups, n ≥ 5.
Proposition 4.6. Theorem 4.1 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= PSLn(q) with
(n, q) = (2, 4), (2, 5), (2, 9) or (4, 2).
Proof. Recall that we have L2(4) ∼= L2(5) ∼= Alt5, L2(9) ∼= Alt6 and L4(2) ∼= Alt8. By [11, Theorem
1.1], the modules (up to algebraic conjugacy) where there may be no regular orbit of G on V are given
in Tables 4.12 and 4.13 for G with E(G)/Z(E(G)) ∼= L2(4), and L4(2) respectively. Also included in
Tables 4.12 and 4.13 are the eigenspace dimensions of elements x ∈ G of projective prime order. These
values are computed from the relevant Brauer characters in [28] for x of projective order coprime to
r, and from an explicit construction in GAP for x of projective order r. Applying Proposition 3.1(ii),
we see that in each case G has a regular orbit on V = Vd(r
k
0 ), when k ≥ c as given in the tables. In
the remaining cases where we have not shown that there is a regular orbit using this technique, we
construct the modules in GAP [12] and find a minimal base. The groups that were found to have a
regular orbit using this method are listed in Table 4.11. The groups G with b(G) ≥ 2 appear in Table
1.3.
We now turn our attention to groups G with E(G)/Z(E(G)) ∼= L2(9). There are additional modules
to check here, on top from those listed in [11, Table 1]. This is due to our definition of almost
quasisimple requiring G/F (G) to be almost simple, while [11] instead requires G/Z(G) to be almost
simple. The modules that we need to check are listed in Table 4.14, along with the eigenspace
dimensions of elements of projective prime order, computed in the same manner as Tables 4.12 and
4.13. Again applying Proposition 3.1(ii), we find that in each case G has a regular orbit on V = Vd(r
k
0 ),
when k ≥ c as given in the table. As with the other groups, we construct the remaining groups G and
modules V in GAP and determine that those listed in Table 4.11 have a regular orbit of G on V , while
those listed in Table 1.3 do not. The only exception to this is G = c×L2(9).2
2 with c ∈ {1, 2} acting
on F93, which is listed in both tables. Here there are four inequivalent modules, for G. Now, via explicit
construction in GAP, we compute that G has a regular orbit on three of these modules, while there
is no regular orbit of G on the remaining module. This module is characterised by its corresponding
Brauer character values of 3,1 on conjugacy classes 2B and 2D respectively. This completes the proof.

5. Proof of Theorem 1.1: Unitary groups
In this section we set out to prove the following result.
Theorem 5.1. Suppose G is an almost quasisimple group with E(G)/Z(E(G)) ∼= PSUn(q), and with
n ≥ 3 and (n, q) 6= (3, 2), (4, 2). Let V = Vd(r), (r, q) = 1 be a module for G, with absolutely irreducible
restriction to E(G). Also suppose that (r, |G|) > 1. Then either:
(i) b(G) = ⌈log |G|/ log |V |⌉, or
(ii) b(G) = ⌈log |G|/ log |V |⌉+ 1 and (G,V ) lies in Table 1.1.
We exclude the cases where E(G)/Z(E(G)) ∼= U3(2) since it is soluble, and U4(2) since it is isomor-
phic to PSp4(3) and is dealt with later in Proposition 6.17.
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G (d, r)
L2(4) (4, 4)
c× L2(4), c ∈ {1, 3} (2, 16)
L2(4) (3, 9)
L2(4) ≤ G ≤ F
×
9 × L2(4).2 (4, 9)
c ◦ (2.L2(4)), c | 80 (2, 81)
L2(4).c, c ∈ {1, 2} (6, 2)
L2(4) ≤ G ≤ F
×
25 × L2(4).2 (3, 25)
c ◦ (2.L2(4)), c ∈ {1, 2, 4, 8} (2, 25)
2.L2(4) (4, 5)
c× L2(9), c ∈ {1, 2, 4, 8, 16} (2, 81)
c× L2(9).22, c ∈ {1, 2, 4, 8} (2, 81)
L2(9) ≤ G ≤ F
×
81 × L2(9).22 (3, 81)
G (d, r)
3× L2(9) (3, 16)
c× L2(9), c ∈ {1, 7} (4, 8)
L2(9) ≤ G ≤ F
×
16 × L2(9).21 (4, 16)
L2(9), L2(9).22, L2(9).23 (4, 9)
L2(9) ≤ G ≤ F
×
3 × L2(9).2
2∗ (9, 3)
L2(9) ≤ G ≤ F
×
5 × L2(9).2
2 (8, 5)
3.L2(9), 3.L2(9).23 (3, 25)
c× L4(2), c | 31 (4, 32)
c× L4(2), c | 63 (4, 64)
L4(2) (4, 16)
c× L4(2), c | 15 (6, 16)
c× L4(2), c | 8 (7, 9)
L4(2) ≤ G ≤ F
×
27 × L4(2).2 (7, 27)
Table 4.11. Groups G where the existence of a regular orbit on Vd(r) was confirmed
by construction in GAP [12].
Eigenspace dimensions
E(G) (d, r) 2A 2B 3A 5A 5B c
# 15 10 20 12 12
L2(4) (2, 4
k) 1 1 (12) (12) (12) 3
(3, 5k) (2, 1) (2, 1) (13) 1 1 3
(3, 9k) (2, 1) – 1 (13) (13) 2
(4, 2k) 2 2 (2, 12) (14) (14) 3
(4, 3k) (22) (3, 1) 2 (14) (14) 3
2.L2(4) (2, 5
k) (12) (12) (12) 1 1 3
(2, 9k) (12) – 1 (12) (12) 2
(4, 5k) (2, 2) (2, 2) (2, 12) 1 1 2
Table 4.12. The eigenspace dimensions of elements of projective prime order in groups
G with E(G)/Z(E(G)) ∼= L2(4) ∼= L2(5) ∼= Alt5.
Eigenspace dimensions
E(G) (d, r) 2A 2B 3A 3B 5A 7A 7B 2C 2D c
# 105 210 112 1120 1344 2880 2880 28 420
L4(2) (4, 2
k) 3 2 (22) (2, 12) (14) (14) (14) – – 7
(14, 2k) 8 8 (6, 42) (4, 52) (2, 34) (27) (27) 10 8 2
2.L4(2) (8, 3
k) (42) (42) 4 4 (24) (2, 16) (2, 16) (42) (42) 2
(8, 5k) (42) (42) (42) (4, 22) 2 (2, 16) (2, 16) (42) (42) 2
Table 4.13. The eigenspace dimensions of elements of projective prime order in groups
G with E(G)/Z(E(G)) ∼= L4(2) ∼= Alt8.
Proposition 5.2. Theorem 5.1 holds for n = 3.
Proof. We begin by determining the values of d, q, r we must consider. By Proposition 2.4, α(x) ≤ 3,
unless q = 3 and x is an inner involution with α(x) = 4. So by Proposition 3.1(v), if G has no regular
orbit on V , and q 6= 3, then
rd ≤ 2|PΓU3(q)|r
⌊2d/3⌋.
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Eigenspace dimensions
E(G) (d, r) 2A 3A 3B 5A 5B 2B 2C 2D c
# 45 40 40 72 72 15 15 36
L2(9) (3, 9
k) (1,2) 1 1 (13) (13) – – (1, 2) 3
(4, 2k) 2 (2, 12) (22) (14) (14) 2 3 – 5
(4, 3k) (22) 2 2 (14) (14) (3, 1) (3, 1) (22) 4
(5, 5k) (3, 2) (3, 12) (1, 22) 1 1 (4,1) (2,3) – 2
(8, 4k) 4 (32, 2) (32, 2) (23, 12) (23, 12) – – 5 1
(9, 3k) (5, 4) 3 3 (24, 1) (24, 1) (6, 3) (6, 3) (5, 4) 2
2.L2(9) (2, 9
k) (12) 1 1 (12) (12) – – (12) 3
(4, 5k) (22) (22) (2, 12) 1 1 (22) (22) – 2
3.L2(9) (3, 4
k) 2 (13) (13) (13) (13) – – – 3
(3, 25k) (1, 2) (13) (13) 1 1 – – – 2
(9, 2k) 5 (33) (33) (24, 1) (24, 1) – – – 1
Table 4.14. The eigenspace dimensions of elements of projective prime order in groups
G with E(G)/Z(E(G)) ∼= L2(9) ∼= Alt6.
Substituting in d1(G) = ⌊(q
3 − 1)/(q + 1)⌋, we see that this gives a contradiction for q ≥ 9 and r ≥ 2,
so there is a regular orbit of G on all irreducible modules V when q ≥ 9 by Proposition 3.1(v). When
we replace |PΓU3(q)| by the number of prime order elements in PΓU3(q), we also eliminate q = 8, 9,
and the remaining cases to consider are given in Table 5.1, obtained by examining [24]. Note that for
q = 3, we use α(x) ≤ 4, as in Proposition 2.4.
q d r char(Fr)
7 42 2 2
5 20 ≤ 4 2,3
21 3 3
28 ≤ 3 2,3
4 12 ≤ 13 3,5,13
3 3 r ≤ 729 3
6 ≤ 64 2,3,7
7 ≤ 49 3,7
14 ≤ 8 2,7
27 3 3
32 2 2
Table 5.1. Remaining cases for E(G)/Z(E(G)) ∼= PSU3(q).
Suppose E(G)/Z(E(G)) ∼= PSU3(7). From Table 5.1, we are left to consider one 42-dimensional
representation V , and from the Brauer character in [28], Emax(g2′) ≤ 14 on the corresponding module.
From a construction of V in GAP, we determine that involutions in classes 2A and 2B have eigenspaces
of dimension 24 and 21 respectively. The number of prime order elements in Aut(U3(7)) is 2098571.
Therefore, if G has no regular orbit on V then by Proposition 3.1(iv), r42 ≤ 2×2098571r14+ |2A|r24+
|2B|r20, which gives a contradiction for r = 2.
Now let E(G)/Z(E(G)) ∼= PSU3(5). The number of prime order elements in Aut(U3(5)) is 71849,
and we proceed by examining each of the relevant cases in Table 5.1, beginning with the modules in
characteristic 3. First suppose d = 28. There are at most 16550 elements of order 3 in G/F (G), and
we infer from the Brauer character in [28] that Emax(g3′) ≤ 16 on both of the 28-dimensional modules.
Therefore, if G has no regular orbit on V ,
r28 ≤ (71849 − 16550)(r16 + r12) + 16550r⌊2×16/3⌋
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which is a contradiction for r = 3. If instead V = V20(3), then we compute that Emax(g2) ≤ 12 and
Emax(g{2,3}′) ≤ 5. The number of involutions in Aut(U3(5)) is 3674. In addition, in GAP we compute
that elements x in classes 3A or 3C have α(x) = 2. Therefore, if G has no regular orbit on V ,
r20 ≤ 2× 71849r5 + 3674(r12 + r8) + (|3A| + |3C|)r10 + |3B|r13,
which gives a contradiction for r = 3. Now suppose V is a 21-dimensional Weil module. Again, we
find from the Brauer character in [28] that Emax(g2) ≤ 13 and Emax(g{2,3}′) ≤ 5. Therefore, if G has
no regular orbit on V ,
r21 ≤ 2× 71849r5 + 3674(r13 + r8) + (|3A|+ |3C|)r10 + |3B|r14
This also gives a contradiction for r = 3. We now consider the modules in characteristic 2. So from
Table 5.1, d = 20 or 28. Let V = V20(r). From the Brauer character we compute that Emax(g3) ≤ 8
and Emax(g{2,3}′) ≤ 5. Therefore, if G has no regular orbit on V ,
r20 ≤ 2× (71849 − 3674 − 16550)r5 + 2× 16550r8 + 3674r⌊2×20/3⌋
This is a contradiction for r = 4. When r = 2, we find in GAP that there is a single regular orbit
under U3(5) and there is no regular orbit for any G with U3(5) < G ≤ U3(5).S3 and b(G) = 2 here by
Lemma 3.4. Now suppose V = V28(2). In GAP we compute that Emax(g2) ≤ 16. Let H = G/F (G).
We deduce bounds on eigenspace dimensions from the Brauer character and find that if G has no
regular orbit on V ,
r28 ≤ 2i7(H)r
4 + 2i5(H)r
8 + 2|3A|r10 + i2(H)r
16
and this is false for r = 2, so G has a regular orbit on V .
Suppose now that q = 4. From Table 5.1, we see that we only need to consider 12-dimensional
modules for r ≤ 13. When r = 3, the representation is only realised on U3(4) and 2 × U3(4) because
of an i irrationality in the corresponding character. Constructing the module in GAP shows there is
a regular orbit under U3(4), however, there is no regular orbit under 2×U3(4) and b(G) = 2 here. For
r = 5, 9, 13, we summarise information about bounds on eigenspace dimensions of projective prime
order elements in Table 5.2. Applying Proposition 3.1(iv), we see that G has a regular orbit on V in
all cases.
Bounds on eigenspace dimensions
r 2A 2B o(x) = 3 o(x) = 5 o(x) = 13
5 8 6 4 5 1
9 8 6 4 4 1
13 8 6 4 4 1
Table 5.2. Upper bounds on Emax for projective prime order elements acting on V12(r).
Finally, suppose q = 3. Since U3(3) ∼= G2(2)
′, we will consider representations in characteristics
2,3,7. The number of prime order elements in U3(3).2 is 2771. We determine in GAP that if x is
of order 7 or in class 3A, then α(x) = 2. Otherwise, α(x) ≤ 3 unless x is an inner involution and
α(x) ≤ 4. Therefore, if G has no regular orbit on an absolutely irreducible FrE(G)-module V ,
rd ≤ 2(i7(G) + |3A|)r
⌊d/2⌋ + 2(|3B| + |2B|)r⌊2d/3⌋ + 2|2A|r⌊3d/4⌋
≤ 2(1728 + 672)r⌊d/2⌋ + 2(56 + 252)r⌊2d/3⌋ + 2× 63r⌊3d/4⌋
Substituting in the cases listed in Table 5.1, we see that we only now need to consider d = 3, 6, 7, 14
for r = 9, 81, 729, r ≤ 16, r = 3, 7, 9 and r = 2, 4 respectively. We resolve all of the remaining cases
by constructing the modules in GAP and computing the base size. If V = V14(r) for r = 2, 4, we find
there is no regular orbit on V when r = 2 and b(G) = 2 here. If r = 4, then there is a regular orbit.
If V = V7(r) for r = 3, 7, 9, then there is a regular orbit for r = 7, 9. If r = 3 then |V | < |G| and
b(G) = 2 by Lemma 3.4. Now let V = V6(r) for r ≤ 16. Note that in characteristic 3, r = 9 due
to an i irrationality in the corresponding character. When r = 2, |V |2 < |G| so b(G) ≥ 3, and we
compute that indeed b(G) = 3. If r = 4, we have |V | < |G| and b(G) = 2. If instead r = 8, 9 or 16,
we compute that G has a regular orbit on V . When r = 7, we compute that 〈ρ〉.U3(3), ρ ∈ F
×
7 has a
regular orbit on V , except when 〈ρ〉 ∼= F×7 . In this case, b(G) = 2 by Lemma 3.4. Moreover, U3(3).2
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and 3 × U3(3).2 have a regular orbit on V , while 2 × U3(3).2 and 6 × U3(3).2 do not. Again, these
have b(G) = 2 by Lemma 3.4. Finally, let V = V3(r) for r = 9, 81, 729. If r = 9 then |V | < |G| and
b(G) = 2 if G = U3(3), and b(G) = 3 if c × U3(3) with c ∈ {2, 4, 8}. If instead r = 81, then G has a
regular orbit on V if G = U3(3) or 5 × U3(3), and b(G) = 2 if G = c × U3(3) for even c dividing 80.
Finally, if r = 729, then G always has a regular orbit on V . 
Proposition 5.3. Theorem 5.1 holds for n = 4.
Proof. Suppose that G is an almost quasisimple group with soc(G/F (G)) ∼= PSU4(q). Applying
Proposition 3.1 (v) with d1(G) ≥ (q
4−1)/(q+1) from Proposition 2.1 and α(G) ≤ 6 from Proposition
2.4, we deduce that G has a regular orbit on all V if q ≥ 7. We must further consider cases with q ≤ 5.
Suppose q = 5. The number of prime order elements in Aut(U4(5)) is 1572224649, while the number
of involutions is 2391775. By Proposition 2.4, α(x) ≤ 4 for x ∈ G/F (G), unless x is an involutory
graph automorphism with α(x) ≤ 6. Therefore, if G has no regular orbit on V ,
rd ≤ 2× 1572224649r⌊
3d
4
⌋ + 2× 2391775r⌊
5d
6
⌋,
so by examining [24] we see that G has a regular orbit on V unless possibly r = 2 and V = V104(2).
We compute in GAP that this module is a composition factor of the reduction modulo 2 of the 105-
dimensional irreducible module of G over C, so we can deduce the Brauer character of V from the
ordinary character. From the Brauer character we find that Emax(g2′) ≤ 63. We also find that the
number of graph automorphisms in G/F (G) is at most 3150. Therefore, if G has no regular orbit on
V then by Proposition 3.1(iv),
r104 ≤ 2× 1572224649r63 + 2391775r⌊
3d
4
⌋ + 3150r⌊
5d
6
⌋
This is a contradiction, so G has a regular orbit on V .
Now suppose q = 4. The number of prime order elements in PSU4(4).4 is 156437999, and 335855
of these are involutions. If G has no regular orbit on an irreducible module V ,
rd ≤ 2× 156437999r⌊
3d
4
⌋ + 2× 335855r⌊
5d
6
⌋
This gives a contradiction for all r, d except r = 3 and d ≤ 72. By [24], this leaves a 52-dimensional
module V to consider. This module can be constructed by reducing a 52-dimensional module for G
over C, so we can deduce the Brauer character corresponding to V . The number of elements of order 3
in G is 1214720, and examining the Brauer character we see that Emax(g3′) ≤ 28, except if the element
x is in class 2A, where dimCV (x) ≤ 32. Therefore, if G has no regular orbit on V ,
r52 ≤ 2× 156437999r28 + 2× |2A|r32 + 1214720r⌊
3×52
4
⌋
This is a contradiction for r = 3, so G has a regular orbit on V .
Now suppose q = 3. We summarise the numbers of prime order elements in H = PSU4(3).D8
computed using GAP in Table 5.3. Therefore, if G has no regular orbit on V ,
r0 ir0(H)
2 (graph auts) 20664
2 (not graph auts) 7911
3 47600
5 653184
7 933120
Total 1662479
Table 5.3. Elements of prime order in PSU4(3).D8.
rd ≤ 2(1662479 − 20664)r⌊
3d
4
⌋ + 2× 20664r⌊
5d
6
⌋
This gives a contradiction except for the cases in Table 5.4, which also take irrationalities into account.
We summarise our analysis of these remaining cases in Tables 5.5 and 5.6. The italicised entries in
Table 5.6 were obtained by a construction in GAP, the underlined entries in Magma, the bold entries
by restricting to a maximal subgroup and applying Proposition 3.2, and the remaining entries were
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d E(G) Characteristic Irrationalities r ≤
6 31.U4(3) 2 z3 2
15
6 61.U4(3) 6= 2, 3 z3 41407
15 31.U4(3) 6= 3 z3 32
20 U4(3) 2 16
20 2.U4(3) 6= 2, 3 7
20 4.U4(3) 6= 2, 3 i1 5
21 U4(3) 6= 2, 3 7
21 31.U4(3) 6= 2, 3 z3 7
34 U4(3) 2 4
35 U4(3) 6= 2, 3 5
Table 5.4. Remaining modules to consider for G with soc(G/F (G)) ∼= PSU4(3).
obtained from the Brauer characters and Proposition 3.1(i). An application of Proposition 3.1(ii)
implies that G has a regular orbit on V in all of the cases listed in Table 5.6, except for those listed
in Table 5.5, where the value of b(G) is computed explicitly in Magma [3].
G (d, r) ⌈ log |G|log |V |⌉ b(G)
U4(3).D8 (20, 2) 1 2
31.U4(3).22 (15, 4) 1 1
c ◦ (61.U4(3)), c | 24 (6, 25) 1 2
c ◦ (61.U4(3).22), c | 24 (6, 25) 1 2
61.U4(3).22 (6, 7) 2 2
c ◦ (61.U4(3).22), c | 48 (6, 49) 1 2
31.U4(3) (6, 4) 2 3
31.U4(3).22 (6, 4) 3 3
31.U4(3) (6, 16) 1 2
15 ◦ (31.U4(3)) (6, 16) 2 2
c ◦ (31.U4(3).22), c | 15 (6, 16) 2 2
31.U4(3).22 (6, 64) 1 1
31.U4(3).22 (6, 256) 1 1
Table 5.5. Base sizes of some absolutely irreducible modules for SU4(3).
E(G) (d, r) 2A 2B 2C 2D 2E 2F 3A 3B 3C/3D 5A 7A/7B
U4(3) (35, 5) (19, 16) (21, 14) (20, 15) (25, 10) (18, 17) – (17, 9
2) (17, 92) (122, 11) 7 (57)
U4(3) (34, 2
k) 18 20 19 20 19 – (16, 92) (16, 92) (122, 10) (74, 6) (56, 4)
31.U4(3) (21, 7) (13, 8) – – (16, 5) (12, 9) – (9, 6
2) (11, 52) (73) (5, 44) 5
U4(3) (21, 7) (13, 8) (14, 7) (11, 10) (15, 6) (11, 10) (11, 10) (9
2, 3) (9, 62) (9, 62) (5, 44) 3
(21, 5) (13, 8) (14, 7) (11, 10) (15, 6) (11, 10) (11, 10) (92, 3) (9, 62) (9, 62) 5 (37)
4.U4(3) (20, 5) (10
2) (13, 7) (102) – – – (92, 2) (8, 62) (8, 62) 10 (36, 2)
2.U4(3) (20, 7) (12, 8) (14, 6) (10
2) (102) (102) (102) (92, 2) (8, 62) (8, 62) (45) 4
(20, 5) (12, 8) (14, 6) (102) (102) (102) (102) (92, 2) (8, 62) (8, 62) 10 (36, 2)
U4(3) (20, 2
k) 12 14 10 14 10 11 (92, 2) (8, 62) (8, 62) (45) (36, 2)
31.U4(3) (15, 4
k) 9 – – 11 9 – (9, 32) (7, 42) (53) (35) (3, 26)
(15, 25) (8, 7) – – (10, 5) (9, 6) – (9, 32) (7, 42) (53) 3 (3, 26)
(15, 7) (8, 7) – – (10, 5) (9, 6) – (9, 32) (7, 42) (53) (35) 3
61.U4(3) (6, 25
k) (4, 2) – – (5, 1) (32) – (32) (4, 12) (23) 2 (16)
(6, 7k) (4, 2) – – (5, 1) (32) – (32) (4, 12) (23) (2, 14) 1
31.U4(3) (6, 4
k) 4 – – 5 3 – (32) (4, 12) (23) (2, 14) (16)
#elements 2835 540 4536 126 5670 4536 560 3360 3360/40320
(2 classes)
653184
466560
(each)
Table 5.6. Eigenspace dimensions of elements of projective prime order.

Proposition 5.4. Theorem 5.1 holds for n ≥ 5.
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Proof. Suppose that n ≥ 5. We begin by applying Proposition 3.1(v) with d1(G) ≥ ⌊(q
n − 1)/(q +1)⌋
and α(G) ≤ n. It follows that G has a regular orbit on V except possibly if G is a group listed in
Table 5.7.
n 5 6 7 8 9 10 11
q 2, 3 2,3 2,3 2 2 2 2
Table 5.7. Remaining groups to consider when n ≥ 5.
Suppose (n, q) = (11, 2). From Propositions 3.1(v) and 2.13, we only need consider the 682-
dimensional Weil module V for r = 3. In GAP we compute that i2(H) < 3
42.02 and i3(H) < 3
53.58 for
H = Aut(PSU11(2)). We will bound the eigenspace dimensions of elements of projective prime order
at least 5 on the 2048-dimensional Weil module V for G using Propositions 2.10 and 2.11. Since V is
a constituent of V , this also gives upper bounds for eigenspace dimensions in V . Let ρ be the Brauer
character corresponding to V and let W be the natural module for U11(2). Now, let x ∈ G/F (G),
and suppose o(x) = 5. By Proposition 2.12, dimCW (x) ∈ {3, 7} and therefore by Proposition 2.10,
ρ(x) = 8 or 128, which, in the notation of Proposition 2.11, corresponds to eigenvalues (Ω408, 18) or
(Ω384, 1128). Therefore, dimCV (x) ≤ dimCV (x) ≤ 512. We summarise the analogous calculations for
other prime order elements x in Table 5.8.
From Table 5.8, we therefore deduce that Emax(g{2,3}′) ≤ 512 on V and therefore V . Therefore, if
G has no regular orbit on V ,
3682 ≤ 2(342.02 + 353.58)3⌊10×682/11⌋ + 2|U11(2).2| × 3
512
This gives a contradiction for r = 3, so G has a regular orbit on V .
Now let (n, q) = (10, 2). By Propositions 3.1(v) and 2.13, we must consider the 341- and 342-
degree Weil representations for r = 3, 5, 7. We begin with r = 7. By Propositions 2.10, 2.11 and
2.12, Emax(g{2,3,7}′) ≤ 256 on a Weil module. Let H = G/F (G). If G has no regular orbit on the
342-dimensional Weil module V ,
r342 ≤ 2(i2(H) + i3(H) + i7(H))7
⌊9×342/10⌋ + 2|U10(2).2|7
256
and this gives a contradiction for r = 7. An analogous inequality gives the result when d = 341. Now
suppose r = 5. By Propositions 2.10, 2.11 and 2.12, Emax(g{2,3,5}′) ≤ 160 on a Weil module. Let
H = G/F (G). If G has no regular orbit on the 342-dimensional Weil module V , then by Proposition
3.1(iv)
r342 ≤
1
4
i5(H)× 5
⌊9×342/10⌋ + 2(i2(H) + i3(H))5
⌊9×342/10⌋ + 2|U10(2).2|5
160
and this gives a contradiction for r = 5. An analogous inequality gives the result when d = 341.
Finally, when r = 3, we use Propositions 2.10, 2.11 and 2.12 to deduce that Emax(g{2,3}′) ≤ 256 on any
of the Weil modules. We observe that every class of elements of order 3 in G has a representative in
the subgroup H = SU6(2)×SU4(2). The 2
10-dimensional irreducible Weil module for 4◦21+20.SU10(2)
restricts to the subgroup SU6(2) as the sum of composition factors of dimensions (21 + 22 + 21) and
o(x) dimCW (x) ρ(x) Eigsp.
7 5 32 (Ω288, 132)
11 1 2 (Ω186, 12)
6 -64 (Ω
64
,Ω128)
17 3 8 (Ω120, 18)
19 2 -4 (Ω
4
,Ω104)
31 1 2 (Ω66, 12)
43 4 -16 (Ω
16
,Ω32)
683 0 -1 (Ω,Ω3)
Table 5.8. Eigenspace dimensions of prime order elements of U11(2) on V = V2048(3).
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to SU4(2) as the sum of composition factors of dimensions (5 + 6 + 5). The restriction to H =
SU6(2) × SU4(2) then is a tensor product (21 + 22 + 21) ⊗ (5 + 6 + 5) (cf. [16, Lemma 9.3.1]). Thus
V341(3) ↓ H has composition factors (21⊗ 5)
3/21⊗ 1/1⊗ 5, while V341(3) ↓ H has composition factors
(21⊗ 5)3/21⊗ 1/1⊗ 5/1⊗ 1. So any element of order 3 has a fixed point space of dimension at most
3 × (⌊ 5×216 ⌋ × 5) + ⌊
5×21
6 ⌋ + 1 × 5 = 273 on V341(3), and 274 on V342(3). We have by [5, Table B.4]
that i2(G/F (G)) < 2
45 and i3(G/F (G)) < 3
44.54. Therefore, if G has no regular orbit on V ,
rd ≤ 2|PSU10(2).2|r
256 + 2i2(G)r
⌊9d/10⌋ + i3(G)r
d−68
This gives a contradiction for r = 3, so G has a regular orbit on all of the Weil modules V .
Let (n, q) = (9, 2). We need to consider r ≤ 17, and by [24], we only need consider the Weil
representations of degree 170 and 171. The Brauer characters for the degree 171 representations for
3.U9(2) contain the z3 irrationality, so we only have r = 7 here. By Propositions 2.10, 2.11 and
2.12, Emax(g{2,3,5}′) ≤ 80 for semisimple g{2,3,5}′ , and by [16, Lemma 8.3.10] inner elements g ∈ G of
projective order 2,3 have Emax(g) ≤ 128. We compute using GAP that α(g5) ≤ 5, and α(x) ≤ 8 for x
an outer element of order 3. We also calculate from [5, Table B.4] that the number of outer elements
of order 3 in G/F (G) is at most 719.29, and by Lemma 2.8(ii), the number of graph automorphisms x
in G/F (G) is at most 246.
We bound the fixed point space dimensions of unipotent elements by restricting the Weil modules to
appropriate subgroups of the form SUm(2)×SU9−m(2). From this technique we find that dimCV (gr) ≤
138 for r ≤ 9 on V = V170(r), while if r = 11, 17, we find using GAP that α(gr) ≤ 5, so dimCV (gr) ≤
136 by Proposition 3.1(i). We also deduce using this technique that dimCV (g7) ≤ 139 on V = V171(7).
If d = 171, r = 7 and G has no regular orbit on V ,
r171 ≤ 2|PSU9(2).6|r
139 + 2× 719.29r⌊7×171/8⌋ + 246r⌊8×171/9⌋
which is false, implying the existence of a regular orbit. Let H = G/F (G). If d = 170 and G has no
regular orbit on V , then
r170 ≤ 2|PSU9(2).6|r
138 + 2× i3(H)r
⌊7×170/8⌋ + 2× i2(H)r
⌊8×170/9⌋
which gives a contradiction for r = 7, 9, 11, 17. If instead r = 5, we use GAP to determine the character
values of graph automorphisms x ∈ G and infer that Emax(x) ≤ 88. If G has no regular orbit on V ,
r170 ≤ 2|U9(2).6|r
80 + i5(H)r
⌊4×170/5⌋ + 2(i2(H) + i3(H))r
128
This gives a contradiction for r = 5. Finally, when r = 3, we restrict the module to K = 3(U3(2) ×
U6(2)).3 and find that the composition factors of the 170-dimensional module are (3⊗21)
2/2⊗21/2⊗1.
Every class of elements of order 3 in G has a representative in SU6(2) : 3. In GAP we find that all
elements of order 3 in SU6(2) : 3 have fixed point spaces of dimension at most 11 on the 21-dimensional
module. Therefore, for g ∈ G of order 3, we have dimCV (g) ≤ 2(11× 3) + 2(11 + 1) = 90. Therefore,
if G has no regular orbit on V ,
r170 ≤ 2|U9(2).6|r
80 + 2i5(H)r
⌊4×170/5⌋ + i3(H)r
90 + 2i2(H)r
128
This gives a contradiction for r = 3, so G has a regular orbit on V .
Now suppose (n, q) = (8, 2). The number of prime order elements in PΓU8(2) is less than 2
52.94. By
Proposition 3.1(v) and examining [24], we see that we only need consider the Weil representations of
G of degrees 85 and 86 for r ≤ 43. By Propositions 2.10, 2.11 and 2.12, we compute that semisimple
elements of prime order at least 7 have Emax(g{2,3,5}′) ≤ 40. Now, constructing the character table of
U8(2).2 using Magma, we determine that Emax(g{2,3,5}′) ≤ 54, except that elements in class 2A have
Emax(g) ≤ 64. We summarise upper bounds on the number of prime order elements in Table 5.9. We
Order r0 2 (inner) 2 (outer) 3 5 7 11 17 43
logr0(#r0-elts) < 32.31 35.23 26.45 20.86 19.29 14.72 14.02 10.74
Table 5.9. Bounds on the number of elements of prime order in Aut(U8(2)).
now find upper bounds for fixed point spaces of elements of order r0 in modules in characteristic r0.
These bounds are summarised in Table 5.10. Let H = G/F (G). If G has no regular orbit on one of
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r0 Technique Bound on 85-dim reps ν85 Bound on 86-dim reps ν86
3 Restrict to SU4(2)× SU4(2) 53 54
5 Compute in GAP α(x) = 2 42 43
7 Compute in GAP α(x) ≤ 3 56 57
11 Restrict to SU6(2)× SU6(2) 69 70
17 Compute in GAP α(x) ≤ 3 57 57
43 Compute in GAP α(x) ≤ 8 74 74
Table 5.10. Bounds on unipotent elements in absolutely irreducible modules of SU8(2).
the 86-dimensional modules V = Vd(r) in characteristic r0,
r86 ≤ 2× 252.94r40 + 2× (i2(H) + i3(H) + i5(H))r
54 + 2× |2A|r64 + ir0(H)r
ν86
This gives a contradiction for r ≥ 3. A similar calculation gives the result for the 85-dimensional
module.
Now let (n, q) = (7, 3). By Propositions 3.1(v) and 2.13, we need only consider the 546-dimensional
Weil module for r = 2. By Propositions 2.10, 2.11 and 2.12, Emax(g{2,3}′) ≤ 459. Therefore, if G has
no regular orbit on V , then
r546 ≤ 2|U7(3).2|r
459 + 2(i2(G) + i3(G))r
⌊6×546/7⌋
which gives a contradiction for r = 3, so G has a regular orbit on V .
Suppose now that (n, q) = (7, 2). Let H = G/F (G). We begin by summarising some information
about the prime order elements in U7(2).2 in Table 5.11.
Prime r0 logr0 ir0(H) < α(x) ≤
2 27.32 3 (2D), 7
3 20.16 2 (3J/3K), 7
5 15.52 2
7 14.87 2
11 11.88 2
43 8.27 2
Total 248.43
Table 5.11. Bounds on the number of prime order elements in U7(2).2.
If G has no regular orbit on an irreducible V , then by Proposition 3.1(v),
1
2
rd ≤ (i43(H) + i11(H) + i7(H) + i5(H))r
⌊d/2⌋ + (i2(H) + i3(H))r
⌊6d/7⌋
From [24], we see that we only need to consider Weil representations of dimensions 42, 43 for r ≤ 43 and
r = 7, 25 respectively, due to a z3 irrationality in the character of the 43-dimensional representation.
First let V = V43(r). We compute using GAP that α(g{5,7}) = 2. Constructing the character table of
U7(2).2 using Magma [3], we deduce that if G has no regular orbit on V ,
1
2
r43 ≤ i43(H)r+i11(H)r
4+i7(H)r
⌊43/2⌋+i5(H)r
⌊43/2⌋+i3(H)r
26+|2A|(r32+r11)+(|2B|+|2C|)r26+|2D|r⌊2×43/3⌋
This is a contradiction for both r = 7, 25. Now suppose V is the 42-dimensional Weil module for
U7(2).2. From the Brauer character corresponding to V , we see that if G has no regular orbit on V in
characteristics 5,7 then
1
2
r42 ≤ i43(H)r+i11(H)r
4+i7(H)r
21+i5(H)r
21+i3(H)r
26+|2A|(r32+r10)+(|2B|)r26+|2C|r24+|2D|r21
This is a contradiction for r ≥ 5. Similar computations give the results for other characteristics
greater than 7. If instead V = V42(3
k), then we bound Emax(g3) by restricting the module to U5(2).2
28 MELISSA LEE
and applying Proposition 3.2. So if G has no regular orbit on V ,
r42 ≤2i43(H)r + 2i11(H)r
4 + 2i7(H)r
6 + 2i5(H)r
21
+ (|3A| + |3B|)r22 + (|3C|+ |3D|+ |3E|)r26 + (|3F | + |3G|)r22 + (|3H| + |3I|)r18
+ (|3J |+ |3K|)r21 + |2A|(r32 + r10) + 2(|2B|)r26 + 2|2C|r24 + 2|2D|r23
This gives a contradiction for r ≥ 3.
Now let (n, q) = (6, 3). We have d1(G) ≥ 182 by Proposition 2.1, while α(G) ≤ 6 by Proposition
2.4. Therefore, applying Proposition 3.1(v) and examining [24], we see that we only need to consider
r = 2 and V = V182(2).
From the Brauer character (computed using Magma [3]), we deduce that Emax(g2′) ≤ 81. Using
GAP, we determine that α(g2) ≤ 5, except for elements in class 2A where α(x) ≤ 6 by Proposition
2.4. Therefore, if G has no regular orbit on V then
r182 ≤ 2|U6(3).2
2|r81 + |2A|r⌊5×182/6⌋ + i2(G/F (G))r
⌊4×182/5⌋
This is a contradiction, so G has a regular orbit on V .
Now suppose (n, q) = (6, 2) and let H = U6(2).S3. We summarise some information about elements
of prime order in H in Table 5.12. Therefore, if G has no regular orbit on an irreducible module V ,
Prime r0 ir0(H) α(gr0) ≤
2 1529055 6 (2A/2D), 3 (O/W)
3 22061888 6 (3D), 3 (O/W)
5 306561024 2
7 1313832960 2
11 1672151040 2
Table 5.12. Elements of prime order in U6(2).S3.
1
2
rd ≤ (i11(H) + i7(H) + i5(H))r
⌊d/2⌋ + (i3(H) + i2(H))r
⌊2d/3⌋ + (|2A| + |2D|+ |3D|)r⌊5d/6⌋
Consulting [24], we see that the only representations that remain are the Weil representations of
dimension 21 and 22 for r ≤ 11. First suppose V is a 21-dimensional Weil representation for U6(2).S3
in characteristic 3. When r = 3, we compute using Magma that there is no regular orbit of G on V .
Now suppose r = 9. Then from constructing the module in GAP, we find that dimCV (g3) ≤ 11 and
all involutions have eigenspaces of dimension less than 14, except elements in class 2A, which have an
eigenspace of dimension 16. Therefore, if G has no regular orbit on V ,
r21 ≤ 2(i11(H) + i7(H) + i5(H))r
10 + i3(H)r
11 + 2× i2(H)r
14 + 693(r16 + r5)
This gives a contradiction for r = 9, so G has a regular orbit on V and b(G) = 2 for r = 3 by Lemma
3.4. Now suppose that V is a 21-dimensional Weil representation for 3.U6(2).3 in characteristic 6= 2, 3.
Since the character contains a z3 irrationality, we only consider r = 7. Constructing the module
in GAP, we find that dimCV (g7) = 3. This along with observations from the Brauer character
(constructed in Magma [3]) show that if G has no regular orbit on V ,
r21 ≤ 2(i11(H) + i7(H) + i5(H))r
5 + 2× i3(H)r
11 + 2× i2(H)r
12
This gives a contradiction, so G has a regular orbit on V .
Now suppose that V is a 22-dimensional Weil representation for U6(2).S3. From [24] we observe
that this representation does not exist in characteristic 3, so we only need consider V in characteristic
5,7 or 11. Examining the Brauer characters and constructions in GAP, we see that if G has no regular
orbit on V ,
r22 ≤ 2× i11(G)r
2 + 2× i7(G)r
4 + 2× i5(G)r
6 + |3A|(r10 + 2r6) + |3B|(2r9 + r4) + |3C|(r10 + 2r6)
+ |3D|(2r11) + |3E|(r12 + 2r5) + |3F |(2r8 + r6) + |3G|(r8 + 2r7) + |2A|(r16 + r6) + |2B|(r14 + r8)
+ |2C|(r12 + r10) + |2D|(r15 + r7) + |2E|(2r11)
This gives a contradiction for r = 5, 7, 11.
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Now let (n, q) = (5, 3). By Proposition 3.1(v) and 2.13, r ≤ 7 and we must consider 60- and
61-dimensional Weil modules.We calculate that i2(U5(3).2) = 5430159, and the total number of prime
order elements in U5(3).2 is 54826442783. Suppose r = 7. Constructing the group in GAP, we deduce
that i7(U5(3).2) < 7
10.52. From the character table of U5(3).2, we find that Emax(g2) ≤ 40, and
Emax(g{2,7}′) ≤ 27. Therefore, if G has no regular orbit on the 60-dimensional Weil module V , then
r60 ≤ 2× 54826442783r27 + 2i2(G)r
40 + 710.52r⌊4×60/5⌋.
This gives a contradiction for r = 7, so G has a regular orbit on V . Analogous calculations show that
G also has a regular orbit on the three 61-dimensional Weil modules in characteristic 7. Suppose now
that r = 5, and let V be the 60-dimensional Weil module. Again, we find that Emax(g2) ≤ 40 from
the character, and Emax(g{2,5}′) ≤ 27. We also compute that i5(U5(3).2) < 5
13.61, and these elements
all have α(x) = 2. Therefore, if G has no regular orbit on V ,
r60 ≤ 2× 54826442783r27 + 2× 5430159r40 + 513.61r30
This is a contradiction for r = 5, and analogous calculations give a contradiction for the 61-dimensional
modules as well. Finally, suppose that V is a 60-dimensional Weil module in characteristic 2. Ex-
amining the character we see that Emax(g3) ≤ 27, and Emax(g{2,3}′) ≤ 21. By restricting the module
to 4.U4(3).4, we infer that for classes 2A and 2B, dimCV (g) ≤ 39. Moreover, we compute from a
construction of the module in Magma that outer involutions in class 2C have fixed point spaces of
dimension 30. Therefore, if G has no regular orbit on V ,
r60 ≤2× 54826442783r21 + 2i3(G)r
27 + (|2A| + |2B|)r39 + |2C|r30
This gives a contradiction for r ≥ 2.
Now suppose (n, q) = (5, 2). The number of prime order elements in H = U5(2).2 is 3479519. We
summarise some further information about prime order elements in U5(2).2 in Table 5.13. Therefore,
Prime r0 ir0(H) α(x) ≤
2 (inner) 3135 5
2 (outer) 19008 3
3 56672 2 (3F) 5 (O/W)
5 912384 2
11 2488320 2
Table 5.13. Elements of prime order in H = U5(2).2.
applying Proposition 3.1(i) and (iv), it follows from [24] that we only need to further consider an
irreducible 44-dimensional representation when r = 3, 11-dimensional Weil representations for r = 25
and 10-dimensional Weil representations for r ≤ 187. If V is the 44-dimensional module and r = 3,
we infer from the Brauer character that Emax(g3′) ≤ 28. Therefore, if G has no regular orbit on V ,
r44 ≤ 2× 3479519r28 + |3F |r⌊44/2⌋ + (56672 − 42240)r⌊4×44/5⌋
which is false, so G has a regular orbit on V . Now suppose V = V11(25). From the Brauer characters
of the two conjugate modules of dimension 11, we see that if G has no regular orbit on V ,
r11 ≤ 912384r5 + 3135(r8 + r3) + 2× 56672r6 + 2488320r
This is a contradiction for r = 25. Now suppose V is the 10-dimensional irreducible Weil module. We
summarise information about eigenspace dimensions in U5(2).2 obtained from the Brauer tables and
constructions in GAP in Table 5.14. Now, if G has no regular orbit on V ,
r10 ≤165(r8 + r2) + 2970(r6 + r4) + 352(2r5) + 7040(r4 + 3r2 + r6 + 2r2) + 42240(2r4 + r2)
+ 912384(5r2) + 2488320(10r) + 19008(2r5).
This gives a contradiction for r ≥ 25. If r = 3 then |V | < |G| and we compute using GAP that
b(U5(2).2) = 2 for both isoclinism types. We also compute that b(2×U5(2)) = 2 and b(2×U5(2).2) = 3.
If r = 5 then we have |V | < |G| as well, and b(G) = 2 by Lemma 3.4. If r = 9 and ρ ∈ F×9 , then we
compute that 〈ρ〉.U5(2) has a regular orbit on V unless 〈ρ〉 ∼= F
×
9 , in which case b(G) = 2 by Lemma
3.4. Moreover, both of the isoclinic variants of shape U5(2).2 have a regular orbit on V , but 〈ρ〉.U5(2).2
30 MELISSA LEE
Class in U5(2).2
Characteristic r0 2A 2B 3A/3B 3C/3D 3E 3F 5A 11A/11B 2C
3 (8,2) (6,4) 5 5 6 4 (25) (110) (52)
5 (8,2) (6,4) (52) (4, 32) (6, 22) (42, 2) 2 (110) (52)
11 (8,2) (6,4) (52) (4, 32) (6, 22) (42, 2) (25) 1 (52)
Size of class in U5(2).2 165 2970 352 7040 7040 42240 912384 2488320 19008
Table 5.14. Eigenspace dimensions on V = V10(r).
does not for non-identity ρ. Again, in these cases we have b(G) = 2 by Lemma 3.4. If instead r = 11,
then we compute that 〈ρ〉.U5(2) and 〈ρ〉.U5(2).2 both always have a regular orbit on V . 
6. Proof of Theorem 1.1: Symplectic groups
The following is the main result of this section.
Theorem 6.1. Suppose G is an almost quasisimple group with E(G)/Z(E(G)) ∼= PSpn(q), n ≥ 4,
with (n, q) 6= (4, 2). Let V = Vd(r), (r, q) = 1 be a module for G, with absolutely irreducible restriction
to E(G). Also suppose that (r, |G|) > 1. Then one of the following holds.
(i) b(G) = ⌈log |G|/ log |V |⌉,
(ii) b(G) = ⌈log |G|/ log |V |⌉+ 1 and (G,V ) lies in Table 1.1, or
(iii) (G,V ) is one of (2×PSp6(2), V7(3)), (PSp4(3).2, V5(3)), (2◦PSp4(3), V5(3)), or (PSp4(3).2, V6(2))
and b(G) = ⌈log |G|/ log |V |⌉+ 2 = 4, 4, 4, 5 respectively.
Note that (n, q) 6= (4, 2), since PSp4(2)
∼= S6. Moreover, recall that PSp4(3)
∼= U4(2), so we also
consider modules for this group in characteristic 3.
6.1. Odd characteristic.
Proposition 6.2. Theorem 6.1 holds for E(G)/Z(E(G)) ∼= PSpn(q), q odd.
Suppose (n, q) 6= (4, 3) (this case will be dealt with separately), and let m = n/2. From [5, Table
B.7] we compute that the number of transvections in G/F (G) is at most qn − 1. If G has no regular
orbit on an irreducible module V = Vd(r), then by Propositions 2.1, 2.5 and 3.1(v),
rd ≤ 2|PΓSpn(q)|r
⌊m+2
m+3
d⌋ + 2(qn − 1)r⌊
n−1
n
d⌋ (5)
This gives a contradiction in all cases except those listed in Table 6.1.
n 14 12 10 8 6 4
q 3 3 3 3,5 ≤ 9 ≤ 19
Table 6.1. Remaining symplectic groups in odd characteristic.
Proposition 6.3. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp14(3).
Proof. By [19] and (5), we only need consider Weil representations V of dimension 1093 for r = 2.
Let V be the 2187-dimensional Weil module (as described in Section 2.3) for G with corresponding
character ρ. For an element x ∈ G of projective prime order at least 5, we use Propositions 2.9, 2.12,
and 2.11 to find the eigenspace dimensions of x on V over F2, and summarise our findings in Table 6.2.
These eigenspace dimensions of x on V form upper bounds for the eigenspace dimensions of x on V ,
and therefore Emax(g{2,3}′) ≤ 459 on V . From the proof of [20, Theorem 4.3], α(g3) ≤ 9, unless g3 is a
transvection, where α(g3) ≤ 14 by Proposition 2.4. From Proposition 2.5, the number of transvections
in G/F (G) is at most 314 − 1, and for x an involution, α(x) ≤ 10 [20]. Therefore, if G has no regular
orbit on V ,
rd ≤ 2|PSp(14, 3).2|r459 + i2(G/F (G))r
⌊9d/10⌋ + 2(314 − 1)r⌊13d/14⌋ + 2i3(G/F (G))r
⌊8d/9⌋
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Proj, prime order dimCW (x) |ρ(x)| Eigenvalue mults
5 2 3 (4384, 435)
6 27 (459, 4324)
10 243 (4864, 243)
7 2 3 (315, 3126)
8 81 (3246, 243)
11 4 9 (207, 19810)
13 2 3 (171, 16812)
8 81 (243, 16212)
41 6 27 (5440, 27)
61 4 9 (3660, 27)
73 2 3 (3072, 27)
547 0 1 (4, 3546)
1093 0 1 (3, 21092)
Table 6.2. Eigenspace dimensions of some prime order elements in PSp14(3) on a
2187-dimensional Weil module.
This gives a contradiction for r = 2 and d = 1093.

Proposition 6.4. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp12(3).
Proof. Here by (5) and Propositions 2.14 and 3.1(v), we only need consider the Weil modules of
dimension 364,365 for r = 4, 5 and r = 5 respectively. First suppose r = 5. We restrict the Weil
modules to H = Sp8(3)× Sp4(3) and by [16, Lemma 9.3.13], we see that V364 ↓ H = 41⊗ 4 + 40⊗ 5,
while V365 ↓ H = 41⊗ 5+40⊗ 4, where each integer denotes an irreducible module of that dimension.
Now, H contains a Sylow 5-subgroup of G, so all classes of elements of order 5 in G have representatives
in H. Therefore, by Propositions 2.5 and 3.3, any element of order 5 in G has a fixed point space of
dimension at most 41×3+40×4 = 283 on the 364-dimensional module, and at most 41×4+40×3 = 284
on the 365-dimensional module. Examining the Brauer character and using [16, Lemma 9.3.13], we
see that Emax(g{5,73}′) ≤ 273 on either of the Weil modules. Since 73 is a primitive prime divisor of
312 − 1, α(x) ≤ 3 for any x ∈ G of order 73 by the proof of [20, Theorem 4.3]. Therefore, if G has
no regular orbit on V , then rd ≤ 2|2.PSp12(3).2|r
284, and this is a contradiction for r = 5, d = 364 or
365.
Now suppose V = V364(4). Since the two Weil modules of this dimension fuse on PSp12(3).2, we
assume that G/F (G) ∼= PSp12(3). We observe that all classes of involutions have representatives in
H = Sp8(3)× Sp4(3). Now, V364 ↓ H has composition factors (40⊗ 4)
2, 1⊗ 4 and 40⊗ 1 [16, Lemma
9.3.13]. By Propositions 3.2 and 3.3, every involution in G has a fixed point space of dimension at
most 2 × 40 × 3 + 3 + 40 = 283. Using the same argument as the characteristic 5 case, we deduce
that Emax(g2′) ≤ 273. We also compute that the number of inner involutions of G is less than 2
68.
Therefore, if G has no regular orbit on V ,
r364 ≤ 2|PSp(12, 3).2|r273 + 268r283
This is a contradiction for r = 4. 
Proposition 6.5. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp10(3).
Proof. By (5) and Proposition 2.14, we only need to consider the Weil representations of G of dimen-
sions 121 and 122 with r ∈ {4, 7, 13, 16, 25, 49}, due to z3 irrationalities in the corresponding Brauer
characters.
We summarise upper bounds for eigenspace dimensions of elements of projective prime order acting
on V = V121(r) in Table 6.3. We obtain the bounds for elements of projective order r0 | r by
restricting V to Sp8(3) × Sp2(3) and then applying Propositions 3.2 and 3.1(i). When r0 ∤ r, we
achieve the bounds by applying Propositions 2.9 and 2.12 for r0 = 11, 41, 61, and by [16, Lemma
9.3.12] otherwise. Applying Proposition 3.1(iv) it follows that G has a regular orbit on V for all valid
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r. If instead V = V122(r), we compute upper bounds on Emax which are at most one greater than
those listed in Table 6.3, so another application of Proposition 3.1(iv) yields the result.
Prime r0 r0 ∤ r r0 | r
2 82 (2A), 70 94
3 81 (3A/3B) 68 (O/W) –
5 27 67
7 18 76
11 23 –
13 14 94
41 8 –
61 4 –
Table 6.3. Bounds on eigenspace dimensions for projective prime order elements in
G with soc(G/F (G)) ∼= PSp10(3) acting on V121(r).

Proposition 6.6. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp8(5).
Proof. From Proposition 2.1, we deduce that the smallest representations of G are Weil modules of
dimensions 312 and 313, and the next smallest module has dimension at least 32240 by Proposition
2.14. By (5), we see that we only need to consider the Weil representations for r = 2, 3; however the
Weil representations are not realised over either field by [19, §5]. 
Proposition 6.7. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp8(3).
Proof. The number of prime order elements in H = PSp8(3).2 is 8658865029997007, and of these,
8022531299328000 are elements of order 41 with α(x) = 2 (computed in GAP), and 6560 are transvec-
tions. By Propositions 2.5 and 3.1 if G has no regular orbit on the irreducible module V = Vd(r),
1
2
rd ≤ i41(H)r
⌊d/2⌋ + 6560r⌊7d/8⌋ + (8658865029997007 − i41(H)− 6560)r
⌊6d/7⌋
Therefore, by Proposition 2.14, we only need to check the 40- and 41- dimensional Weil representations
for r ≤ 329. In characteristic 41, there is nothing to consider because the Weil characters contain
z3 /∈ F41. Moreover, z3 /∈ F5, so we only need to consider r = 25 in characteristic 5. The computed
upper bounds for Emax on V = V40(r) are summarised in Table 6.4. The values in the third column
were computed from the associated Brauer character inferred from [15, Table XV], and the bounds in
the final column were determined by refining α(gr0) and applying Proposition 3.1(i) for r = 2, 7, 13,
and by restricting V ↓ Sp6(3) × Sp2(3) for r0 = 5.
Prime r0 ir0(PSp(8, 3).2) < r0 ∤ r r0 | r
2 231.91 28 24
3 324.11 27 (3A/3B), 23 (O/W) –
5 518.99 9 22
7 716.92 6 20
13 1313.13 4 20
41 419.87 2 –
Table 6.4. Upper bounds on Emax for elements of projective prime order acting on V40(r).
Therefore, applying Proposition 3.1(ii), we see that G has a regular orbit on V in all cases where r
is odd.
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If V is a Weil module in characteristic 2, then d = 40 and r = 4k. Examining the Brauer character,
we see that if G has no regular orbit on V then
r40 ≤ 231.91r24 + |5A|(4r9 + r4) + |5B|(5r8) + |7A|(6r6 + r4) + i13(G)(r
4 + 12r3) + i41(G)(20r
2)
+ (|3A|+ |3B|)(r27 + r13) + |3C|(2r18 + r4) + |3D|(r22 + 2r9) + (|3E| + |3F |)(r18 + r13 + r9)
+ |3G|(r16 + 2r12) + |3H|(2r15 + r10) + |3I|(r16 + 2r12) + (|3J |+ |3K|)(r15 + r13 + r12)
This is a contradiction for r ≥ 4. Finally, if d = 41 and r is odd, then we compute upper bounds
for Emax and find that they are at most one greater than those given in Table 6.4. An application of
Proposition 3.1(ii) gives the result. 
Proposition 6.8. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp6(9).
Proof. By (5) and Proposition 2.14, we only need to consider the Weil representations of G of dimen-
sions 364 for r = 2. Now PSp6(9) < PSp12(3) and we can consider this Weil module as the restriction
of the 364-dimensional Weil module V2 of PSp12(3) to PSp6(9). By the proof of Proposition 6.4, we
see that for projective prime order g ∈ G, Emax(g) ≤ 283. Therefore if G has no regular orbit on V ,
r364 ≤ 2|PSp6(9).2|r
284 and this gives a contradiction for r = 2. 
Proposition 6.9. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp6(7).
Proof. By (5) and Proposition 2.14, we only need consider the two 171-dimensional Weil modules
for PSp6(7) with r = 2. Using Proposition 2.9, we deduce that Emax(g{2,3}′) ≤ 91. In GAP we
determine that α(g{2,3}) ≤ 4, so dimCV (g{2,3}) ≤ 128 by Proposition 3.1(i). We compute that
i2(G/F (G)) < 2
33.72 and i3(G/F (G)) < 2
40. So if G has no regular orbit on V ,
r171 ≤ 2|PSp(6, 7).2|r91 + (233.72 + 240)(r128 + r43)
This is a contradiction for r = 2. 
Proposition 6.10. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp6(5).
Proof. By (5), we only need to consider Weil representations with d = 62, 63 for r ∈ {4, 9, 16} due to
a b5 irrationality. From Propositions 2.9 and 2.12, we see that elements g ∈ G of projective order 7,13
or 31 have dimCV (g) ≤ 18, 10 and 5 respectively. Furthermore, for g ∈ G of order 5, dimCV (g) ≤ 30
unless g is one of the 15624 elements that have a 5-dimensional fixed point space on the natural
module for G, in which case dimCV (g) ≤ 50. In GAP we compute that all elements of order 2, 3
have α(x) ≤ 4, 3 respectively. Therefore, if G has no regular orbit on a Weil module V in either
characteristic 2 or 3,
1
2
r62 ≤ i2(G)r
⌊3×63/4⌋ + i3(G)r
⌊2×63/3⌋ + i5(G)r
30 + 15624r50 + i7(G)r
18 + i13(G)r
10 + i31(G)r
5
and this gives a contradiction for r ≥ 4. 
Proposition 6.11. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp6(3).
Proof. We summarise information about elements of prime order in H = PSp6(3).2 in Table 6.5.
Therefore, if G has no regular orbit on the d-dimensional irreducible module V ,
Prime r0 # elts x of order r0 in PSp6(3).2 α(x) ≤
2 605151 4 (2A), 3 (2B), 5 (2C)
3 5307848 6 (3A/3B), 3 (O/W)
5 38211264 2
7 327525120 2
13 705438720 2
Total 1077088103
Table 6.5. Elements of prime order in PSp6(3).2.
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1
2
rd ≤ (i5(H)+i7(H)+i13(H))r
⌊d/2⌋+i3(H)r
⌊2d/3⌋+(|3A|+ |3B|)r⌊5d/6⌋+ |2A|r⌊3d/4⌋+ |2B|⌊2d/3⌋+ |2C|r⌊4d/5⌋
This gives a contradiction except for d = 78 and r = 2 or d = 13, 14 for r ≤ 93. If V = V78(2), then
from a GAP construction and the Brauer character we deduce that every element g of projective prime
order has Emax(g) ≤ 46 on V . Therefore if G has no regular orbit on V , r
78 ≤ 2 × 1077088103r46 ,
which is a contradiction.
Now suppose V = V14(r). The Brauer characters of these representations contain a z3 irrationality,
so we only need to consider r = 7, 13, 25, 49. We bound the eigenspace dimensions of unipotent
elements g of order r0 by restricting V to a subgroup K. We summarise our findings in Table 6.6.
Therefore, if G has no regular orbit on V = V14(13),
Characteristic r0 K dimCV (g) ≤
5 PSp2(3) × PSp4(3) 8
7 SL2(13) 2
13 SL3(3).2 2
Table 6.6. Upper bounds for dimCV (g) for V = V14(r) obtained by restricting to K < G.
r14 ≤|2A|(r10 + r4) + |2B|(2r7) + (|3A| + 3B|)(r9 + r5) + |3C|(2r6 + r2) + |3D|(r8 + 2r3)
+ (|3E| + |3F |)(r6 + r5 + r3) + |3G|(r6 + 2r4) + i5(G)(4r
3 + r2) + i7(G)(7r
2) + i13(G)r
2
This gives a contradiction for r = 13, and the calculations for r = 25, 49 are similar. If r = 7, then
using a construction in Magma, we show that there is no regular orbit and b(G) = 2 by Proposition
3.4. Now suppose that V is a 13-dimensional Weil module. Again, there is a z3 irrationality, so r ∈
{4, 7, 13, 16, 25, 49, 64}. Table 6.7 summarises some fixed point space bounds for unipotent elements.
The values were obtained from constructions of the relevant modules in GAP.
Characteristic r0 dimCV (g) ≤
2 9 (2A), 7 (2B)
5 3
7 2
13 1
Table 6.7. Bounds on dimCV (g) for unipotent elements g acting on V13(r).
If G has no regular orbit on V = V13(13), then
r13 ≤705438720r + |2A|(r8 + r5) + |2B|(r7 + r6) + |3A|(r9 + r4) + |3B|(r9 + r4) + |3C|(2r6 + r)
+ |3D|(r7 + 2r3) + (|3E|+ |3F |)(r6 + r4 + r3) + |3G|(r5 + 2r4) + |5A|(4r3 + r) + |7A|(6r2 + r)
This gives a contradiction for r = 13. Similar calculations give the results for r ≥ 16. If V = V13(4),
then |V | < |G| and by Proposition 3.4, b(G) = 2. If r = 7, then we compute from constructions in
Magma that PSp6(3) has a regular orbit on V , however c×PSp6(3) does not for c ∈ {2, 3, 6}. In these
cases, b(G) = 2 by the result for r = 49 and Proposition 3.4. 
Proposition 6.12. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp4(q), q ∈ {13, 17, 19}.
Proof. If q = 19, then by (5) and Proposition 2.14, we only need to consider Weil modules for r = 2,
but these are not realised over F2 due to a b19 irrationality in the Brauer character. Now let q = 17.
There are 62466181283 elements of prime order in PSp4(17).2 and of these, 24304611 are involutions
and 48492960768 are elements of order 29. In GAP we compute that α(g29) = 2. Therefore, if G has
no regular orbit on some irreducible module V in cross-characteristic,
1
2
rd ≤ (62466181283 − 48492960768)r⌊3d/4⌋ + 48492960768r⌊d/2⌋ + 24304611r⌊4d/5⌋.
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This gives a contradiction for d = d1(E(G)) by Proposition 2.1, and so for all V by Proposition 3.1(v).
Similarly, the number of prime order elements in PSp4(13).2 is 6986011811, and of these, 4883931 are
involutions and 3224422656 are elements of order 17. In GAP, we compute that α(g17) = 2. Therefore,
if G has no regular orbit on an irreducible module V ,
1
2
rd ≤ (6986011811 − 3224422656)r⌊3d/4⌋ + 3224422656r⌊d/2⌋ + 4883931r⌊4d/5⌋.
By Propositions 2.14 and 3.1(v), we see that this is a contradiction for d = d1(E(G)) by Proposition
2.1, and so for all V . 
Proposition 6.13. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp4(11).
Proof. The number of prime order elements inH = PSp4(11).2 is 3646870787 and of these, 3162456000
are elements of order 61 which, from computations in GAP, have α(x) = 2. We also have i2(H) =
1800843. Therefore, if G has no regular orbit on V = Vd(r), then
rd ≤ 2× i61(H)r
⌊d/2⌋ + 2i2(H)r
⌊4d/5⌋ + (3645889235 − i61(H)− i2(H))(r
⌊3d/4⌋ + r⌈d/4⌉)
This gives a contradiction for all V , except for the 60- and 61- dimensional Weil modules for r = 3.
There are 3247640 elements of order 3 in PSp4(11). From the Brauer character, we deduce that
Emax(g3′) ≤ 36 on a Weil module. Therefore, if G has no regular orbit on either of the Weil modules
V ,
r60 ≤ 2× 3645889235r36 + 3247640r⌊3×61/4⌋
And this gives a contradiction for r = 3. 
Proposition 6.14. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp4(9).
Proof. The number of prime order elements in H = PSp4(9).2
2 is 457397927 and of these 419904000
are elements of order 41 and have α(x) = 2 from GAP computations. In addition, i2(H) = 610893.
Therefore, if G has no regular orbit on V = V (d, r),
rd ≤ 2i41(H)r
⌊d/2⌋ + 2i2(H)r
⌊4d/5⌋ + 2(457397927 − i41(H)− i2(H))r
⌊3d/4⌋
This gives a contradiction for all V except for the 40- and 41- dimensional Weil modules for r ≤ 5.
Since Sp4(9).21 < Sp8(3), we can consider these Weil modules as the restrictions of those of the
same dimension for Sp8(3). If r = 4, 5, then we deduce that G has a regular orbit on V because
the same is true for the Weil module of Sp8(3). This leaves the 40-dimensional Weil module for
r = 2. Of the 610983 involutions in PSp4(9).2
2, only 368631 preserve the Weil module (i.e., those
in PSp4(9).21). Constructing the module in GAP, we find that elements g in classes 2A or 2B have
dimCV (g) = 20 and 24 respectively. Moreover, the two classes of field automorphisms in PSp(4, 9).21
also have dimCV (g) = 20 and 24. These observations, along with those from the Brauer character
imply that if G has no regular orbit on V ,
r40 ≤(|2A|+ |2C|)r20 + (|2B|+ |2D|)r24 + |3A|(r22 + 2r9) + |3B|(r4 + 2r18) + |3C|(r10 + 2r15)
+ |3D|(r16 + 2r12) + 2i5(G)r
9 + i5(G)(40r)
This gives a contradiction for r = 2 and so G has a regular orbit on V . 
Proposition 6.15. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp4(7).
Proof. We summarise some information about elements of prime order in H = PSp4(7).2 in Table 6.8.
Therefore, if G has no regular orbit on an irreducible module V = Vd(r),
Prime r0 ir0(H) α(gr0)
2 122451 3 (2B/2D), 5 (2A/2C)
3 274400 3
5 5531904 2
7 5764800 2 (7E/7F), 4 (7A/7B), 3 (O/W)
Table 6.8. Information about elements of prime order in PSp4(7).2.
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1
2
rd ≤ (|2B|+ |2D|)r⌊2d/3⌋ + (|2A|+ |2C|)r⌊4d/5⌋ + i3(H)r
⌊2d/3⌋ + i5(H)r
⌊d/2⌋ + (|7E| + |7F |)r⌊d/2⌋
+ (|7A| + |7B|)r⌊3d/4⌋ + (|7C|+ |7D|)r⌊2d/3⌋
From [24] we see that we need only consider the 24-dimensional Weil modules for r = 2, 4. When
r = 4, from the Brauer character and constructing the module in GAP, we see that if G has no regular
orbit on V ,
r24 ≤|3A|(r9 + 2r8) + |3B|(r11 + 2r7) + |5A|(5r5) + (|7A| + |7B|)(3r7 + r4) + |7C|(r + 6r4)
+ |7D|(r7 + 6r3) + (|7E| + |7F |)(4r4 + 3r3) + |2A|r15 + |2B|r12
This gives a contradiction for r = 4. When r = 2, |V | < |G| and by Proposition 3.4, b(G) = 2. 
Proposition 6.16. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp4(5).
Proof. We summarise information about elements of prime order in H = PSp4(5).2 in Table 6.9.
Therefore, if G has no regular orbit on an irreducible module V ,
Prime r0 ir0(H) α(x)
2 16875 5 (2A/2C), 3 (2B/2D)
3 26000 3
5 390624 4 (5A/5B), 3 (5C/5D), 2 (5E/5F)
13 1080000 2
Table 6.9. Elements of prime order in H = PSp4(5).2.
1
2
rd ≤(|2B|+ |2D|)r⌊2d/3⌋ + (|2A| + |2C|)r⌊4d/5⌋ + i3(H)r
⌊2d/3⌋ + i13(H)r
⌊d/2⌋ + (|5E| + |5F |)r⌊d/2⌋
+ (|5A| + |5B|)r⌊3d/4⌋ + (|5C|+ |5D|)r⌊2d/3⌋
It follows from [24] that we only need to consider 12- and 13-dimensional Weil modules for r = 9 and
r = 4, 9, 16 respectively, as well as d = 40 for r = 2. We begin by supposing V = V40(2). Examining
the corresponding Brauer character, we see that Emax(g2′) ≤ 16, and constructing the module in GAP,
we find that elements in class 2C have a 26-dimensional fixed point space, and all other involutions g
have dimCV (g) ≤ 24. Therefore, if G has no regular orbit on V ,
rd ≤ 2(1080000 + 390624 + 26000)r16 + 16875r24 + 300r26
This is a contradiction for r = 2, so G has a regular orbit on V . Now suppose that V = V13(9).
Examining the Brauer character and constructing the modules in GAP, we find that if G has no
regular orbit on one of the two 13-dimensional Weil modules,
r13 ≤|2A|(r9 + r4) + |2B|(r7 + r6) + (|5A|+ |5B|)(r3 + 2r5) + |5C|(4r3 + r) + |5D|(r5 + 4r2)
+ (|5E| + |5F |)(3r3 + 2r2) + (|13A| + |13B|)(13r) + (|3A| + |3B|)r5
This is a contradiction for r = 9.
Now suppose that V is one of the 12-dimensional Weil modules for r = 4, 9, 16. If r = 9 and G has
no regular orbit on V , then from the Brauer character and constructions in GAP,
r12 ≤|2A|(2r6) + |2B|(2r6) + (|5A| + |5B|)(r2 + 2r5) + |5C|(4r3) + |5D|(r4 + 4r2)
+ (|5E| + |5F |)(2r3 + 3r2) + (|13A| + |13B|)(12r) + (|3A| + |3B|)r7
This gives a contradiction for r = 9. If r = 4 or 16 then we construct the module in GAP and find a
representative of a regular orbit. 
Proposition 6.17. Proposition 6.2 holds for E(G)/Z(E(G)) ∼= PSp4(3).
Proof. We summarise some information about elements of prime order in H = PSp4(3).2 in Table
6.10. This information was obtained using GAP.
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Prime r0 ir0(H) α(x)
2 891 3 (2B/2D), 5 (2A), 6 (2D)
3 800 4 (3A), 3 (O/W)
5 5184 2
Table 6.10. Elements of prime order in H = PSp4(3).2.
If G has no regular orbit on the irreducible module V ,
1
2
rd ≤ 5184r⌊d/2⌋ + 80r⌊3d/4⌋ + (240 + 480)r⌊2d/3⌋ + (270 + 540)r⌊2d/3⌋ + 45r⌊4d/5⌋ + 36r⌊5d/6⌋
This gives a contradiction except for the modules set out in Table 6.11. In Table 6.11 we also set out
our analysis of these cases. We give the eigenspace dimensions of elements of projective prime order,
obtained by examining the Brauer characters of the modules and constructing the modules themselves
in GAP.
Class in PSp(4, 3).2
2A 2B 3A/3B 3C 3D 5A 2C 2D
Size 45 270 80 240 480 5184 36 540
V4(4
k) 3 2 (3, 1) (22) (2, 12) (14) – –
V6(2
k) 4 4 (32) (4, 12) (23) (2, 14) 5 3
V14(2
k) 8 8 (8, 32) (6, 42) (52, 4) (34, 2) 10 8
V5(3
k) (4, 1) (3, 2) 3 3 3 (15) (4, 1) (3, 2)
V10(3
k) (6, 4) (6, 4) 6 4 4 (25) (6, 4) (6, 4)
V14(3
k) (10, 4) (8, 6) 6 6 6 (34, 2) (10, 4) (8, 6)
V4(3
k) (22) (22) 3 2 2 (14) (22) (22)
V16(3
k) (82) (82) 8 6 6 (4, 34) (82) (82)
V4(25
k) (22) (22) (1, 3) (22) (2, 12) 1 – –
V5(25
k) (4,1) (3, 2) (2, 3) (1, 22) (3, 12) 1 – –
V6(5
k) (4, 2) (4, 2) (32) (4, 12) (23) 2 (5, 1) (32)
V10(25
k) (6, 4) (6, 4) (1, 6, 3) (4, 32) (4, 32) 2 – –
V15a(5
k) (8, 7) (8, 7) (9, 32) (7, 42) (53) 3 (10, 5) (9, 6)
V15b(5
k) (11,4) (9, 6) (3, 62) (53) (7, 42) 3 (10, 5) (8, 7)
Table 6.11. Eigenspace dimensions of projective prime order elements in G.
Applying Proposition 3.1(ii), or alternatively constructing the module with GAP, we see that G has
a regular orbit on V unless (G,V ) appear in Table 1.1, where the base size is computed explicitly.

6.2. Even characteristic.
Proposition 6.18. Theorem 6.1 holds for E(G)/Z(E(G)) ∼= PSpn(q), q even.
Proof. By Proposition 2.1 we have d1(G) ≥ (q
n/2 − 1)(qn/2 − q)/2(q + 1) and also α(G) ≤ n + 1 by
Proposition 2.4. Applying Proposition 3.1(v), we see that G has a regular orbit on V except possibly
when q = 2 and 4 ≤ n ≤ 10, or (n, q) = (4, 4). We consider each of these cases in turn.
First let E(G)/Z(E(G)) ∼= PSp10(2). We include information about elements of prime order in
H = G/F (G) in Table 6.12, where the upper bounds of α are computed using GAP.
Therefore, if G has no regular orbit on V , then by Proposition 3.1(v),
1
2
rd ≤ (i7(H)+i11(H)+i17(H)+i31(H))r
⌊d/2⌋+i5(H)r
⌊2d/3⌋+i3(H)r
⌊5d/6⌋+i2(H)r
⌊5d/6⌋+1023r⌊10d/11⌋
This gives a contradiction for all V , so G has a regular orbit in all cases.
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Prime r0 ir0(H) α(x) ≤
2 1424671743 11 (transvection), 6 (O/W)
3 107929774592 6
5 13789672833024 3
7 4923662008320 2
11 751977470361600 2
17 486573657292800 2
31 2401476437606400 2
Table 6.12. Information about elements of prime order in H = PSp10(2).
Now suppose that E(G)/Z(E(G)) ∼= PSp8(2). There are 255 transvections in G/F (G). By Proposi-
tions 2.5 and 3.1(v), we only need to further consider modules listed in Table 6.13, which was compiled
with help from [24].
Dimension Characteristic r ≤
35 6= 2 156
50 3 9
51 6= 2, 3 17
85 6= 2, 3 5
118 3,5 3
135 6= 2, 17 3
Table 6.13. Absolutely irreducible modules to consider for E(G)/Z(E(G)) ∼= PSp8(2)
We summarise our analysis of the relevant modules V = Vd(r) with dimension greater than 35 in
Table 6.14. Entries where o(x) ∤ r were derived from the Brauer table if the entry is bold, and from
Proposition 3.1(i) otherwise. Entries where o(x) | r were derived from Proposition 3.1(i) if d ≥ 85
and from a construction in GAP otherwise. Applying Proposition 3.1(iv), we see that G has a regular
orbit on V in all cases.
o(x) = 2 Transvections o(x) = 3 o(x) = 5 o(x) = 7 o(x) = 17
# elements 1371135 255 16461440 171085824 1128038400 5573836800
V135(3) 115 120 115 31 31 31
V118(3) 101 104 101 30 30 30
V85(5) 64 64 43 72 43 43
V51(r), r ∈ {5, 7, 17} 36 36 21 11 9 3
V50(r) r = 3, 9 36 36 22 10 8 3
Table 6.14. Upper bounds on Emax(g) for prime order g acting on some absolutely
irreducible modules of PSp8(2).
Finally, suppose that V = (35, r) for r ≤ 106. We will give the details here for this module in
characteristic 3, the other cases are similar. Constructing the module in GAP, we find that elements
in classes 3A, 3B, 3C, 3D have fixed point spaces of dimensions 21, 15, 13 and 13 respectively. This,
along with the Brauer character of the representation allows us to deduce that if G has no regular
orbit on V , then
r35 ≤|2A|(r28 + r7) + (|2B|+ |2F |)(r19 + r16) + |2C|(r23 + r12) + (|2D|+ |2E|)(r20 + r15) + |7A|(7r5)
+ |5A|(r11 + 4r6) + |5B|(5r7) + (|17A| + |17B|)(r3 + 16r2) + |3A|r21 + |3B|r15 + (|3C|+ |3D|)r13
and this gives a contradiction for r ≥ 3.
Next suppose that E(G)/Z(E(G)) ∼= PSp6(2). We first compute that the number of prime order
elements in G/F (G) is at most 277199. Therefore, by Propositions 2.5 and 3.1(v), if G has no regular
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orbit on V = Vd(r),
rd ≤ 2× 277199r⌊
5d
6
⌋ + 2× 63r⌊
6d
7
⌋
After inspecting [24], we find that we only need to further consider the absolutely irreducible modules
that lie in Table 6.16 for d ≥ 21, and Table 6.17 for d < 21.
In both tables we also present information about eigenspaces of elements of projective prime order
on these remaining modules. In Table 6.16, upper bounds on Emax for elements of projective prime
order are given. The boldface entries were obtained from the corresponding Brauer characters, while
the italicised entries were obtained from explicit constructions in GAP. The remainder were obtained
from Proposition 3.1 (i). In Table 6.17, we give explicit eigenspace dimensions computed from the
corresponding Brauer characters, and for elements whose order divides r, we obtain the dimension of
their fixed point spaces from an explicit construction in GAP. Applying Proposition 3.1(iv) in each
case, we see that G has a regular orbit on V except for the cases given in Table 6.15, where the base
size is computed from an explicit construction of the module in either GAP or Magma.
V14(3) V8(3) V8(9) V8(5) V8(7) V7(3) V7(3) V7(9) V7(27) V7(81) V7(5) V7(25) V7(7) V7(49)
⌈
log |G|
log |V |
⌉
1 2 1 2 1 2 2 1 1 1 1 1 1 1
b(G) 2 3 2 2 2 3 4 2 1 1 2 1 2 1
Table 6.15. Some information about b(G) for small absolutely irreducible modules
for PSp6(2).
E(G) Module V o(x) = 2 Transvections o(x) = 3 o(x) = 5 o(x) = 7
2.PSp6(2) V56(3) 28 28 46 28 28
PSp6(2) V49(3) 34 34 40 34 34
2.PSp6(2) V48(3) 24 24 20 24 24
2.PSp6(2) V48(5) 24 24 24 40 24
PSp6(2) V35(7) 25 25 25 25 28
PSp6(2) V35(5) 25 25 25 17 25
PSp6(2) V35(r), r = 3, 9 20 20 15 20 20
PSp6(2) V34(r), r = 3, 9 24 24 14 7 7
PSp6(2) V27(5) 17 21 9 7 9
PSp6(2) V27(r), r = 3, 9 17 21 15 7 4
PSp6(2) V26(7) 20 20 14 14 13
PSp6(2) V21(7) 13 16 11 11 3
PSp6(2) V21(5
k), k ∈ {1, 2} 13 16 11 5 11
PSp6(2) V21(3
k) 12 15 11 5 3
# elements 5103 63 16352 48384 207360
Table 6.16. Upper bounds on Emax of projectively prime order elements in PSp6(2)
for remaining modules with d ≥ 21.
This concludes our analysis of almost quasisimple G with E(G)/Z(E(G)) ∼= PSp6(2).
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2A 2B 2C 2D 3A 3B 3C 5A 7A
Size 63 315 945 3780 672 2240 13440 48384 207360
V15(5
k) (10,5) (11,4) (9,6) (8,7) (53) (62, 3) (7, 42) 7 (3, 26)
V15(7
k) (10,5) (11,4) (9,6) (8,7) (53) (62, 3) (7, 42) (35) 7
V14(3
k) (10,4) (10,4) (8,6) (8,6) 6 6 6 (34, 2) (27)
V8(3
k) (24) (42) (24) (42) 4 4 4 (24) (2, 16)
V8(5
k) (24) (42) (24) (42) (42) (32, 2) (4, 22) 2 (2, 16)
V8(7
k) (24) (42) (24) (42) (42) (32, 2) (4, 22) (24) 2
V7(3
k) (6, 1) (4, 3) (5, 2) (4, 3) 5 3 3 (3, 14) (17)
V7(5
k) (6, 1) (4, 3) (5, 2) (4, 3) (5, 12) (32, 1) (3, 22) 3 (17)
V7(7
k) (6, 1) (4, 3) (5, 2) (4, 3) (5, 12) (32, 1) (3, 22) (3, 14) 1
Table 6.17. Eigenspace dimensions of projectively prime order elements for
E(G)/Z(E(G)) ∼= PSp6(2).
2A/2B 2C 2D o(x) = 3 o(x) = 5 o(x) = 17
# elements 255 (each) 3825 1360 10880 52224 230400
V50(3) 30 30 30 37 30 30
V34(3) 22 22 22 25 10 10
V33(5) 21 21 21 13 9 13
V18(3
k), k ≤ 3 12 10 9 6 6 6
V18(5
k), k = 1, 2 12 10 9 6 6 6
V18(7) 12 10 9 6 6 2
Table 6.18. Bounds on Emax for prime order elements in PSp4(4).
Now let E(G)/Z(E(G)) ∼= PSp4(4). The number of prime order elements in PSp4(4).4 is 299199.
Therefore, if G has no regular orbit on the irreducible module V = Vd(r),
rd ≤ 2× 299199r⌊4d/5⌋
and this gives a contradiction for all choices of d, r except for those listed in Table 6.18. In this
table, we also provide a set of upper bounds for Emax for elements of prime order. As before, the bold
entries are obtained from the corresponding Brauer characters, the italicised entries are obtained from
a construction in GAP, and the remainder originate from Proposition 3.1(i). Applying Proposition
3.1(iv) or (ii) in each case implies the existence of a regular orbit for all choices of G preserving each
module V . The only exception is V = V18(3). Here we compute in GAP that PSp4(4) has 14 regular
orbits on V . If PSp4(4).4 has no regular orbit on V , all of these elements of regular orbits of PSp4(4)
must lie in the fixed point spaces of elements in class 2D. Therefore, 14|PSp4(4)| ≤ |2D|(2× 3
9). This
is false, so PSp4(4).4 has a regular orbit on V .

7. Proof of Theorem 1.1: Orthogonal groups
7.1. Odd dimensional orthogonal groups.
Theorem 7.1. Suppose G is an almost quasisimple group with E(G)/Z(E(G)) ∼= PΩ2m+1(q), with
m ≥ 3 and q odd. Let V = Vd(r), (r, q) = 1 be a module for G, with absolutely irreducible restriction
to E(G). Also suppose that (r, |G|) > 1. Then G has a regular orbit on V .
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Proof. Let V be a d-dimensional irreducible FrG-module. If q > 3, then by Proposition 3.1(v) with
|G| < q2m
2+m+2, α(G) ≤ 2m + 1 from Proposition 2.6, and d1(G) ≥ (q
2m − 1)/(q2 − 1) − 2 from
Proposition 2.1, we see that G always has a regular orbit on an absolutely irreducible FrE(G)-module
V . Similarly Proposition 3.1(v) also shows that if q = 3 and m > 3 with identical |G| and α(G), and
d1(G) ≥ (q
m − 1)(qm − q)/(q2 − 1), then G has a regular orbit on V .
Finally, suppose G has soc(G/F (G)) = PΩ7(3). By Proposition 2.6, if G has no regular orbit on
V , then
rd ≤ 2× |PΩ(7, 3).2|r⌊
5d
6
⌋ + 2i2(G/F (G))r
⌊ 6d
7
⌋ (6)
Using [24] we deduce that G has a regular orbit on V except possibly in one of the cases in Table 7.1,
or if G has E(G) = 3.PΩ7(3) acting on V27(4
k), which we handle separately.
For conciseness, we also summarise the analysis of all cases except the action of 3.PΩ7(3) on V27(4
k)
in Table 7.1. In the table, the bold entries indicate eigenspace bounds computed using the corre-
sponding Brauer character, the italicised entries were computed from a construction in GAP, and the
remaining entries originate from determining α(g) for g in the collection using GAP [12], and subse-
quently applying Proposition 3.1(i). Applying Proposition 3.1(iv) with the values given in Table 7.1
shows that G has a regular orbit on V in all cases.
Projective class
2A 2B 2C 2D 2E 2F o(x) = 3 o(x) = 5 o(x) = 7 o(x) = 13
# elements 351 22113 331695 378 44226 265356 5307848 38211264 327525120 705438729
V104(2) 89 78 78 89 78 78 50 21 15 8
V90(r), r = 2, 4 77 67 67 77 67 67 42 18 13 7
V78(r), r = 2, 4 56 56 56 56 56 56 36 18 12 6
V78(5) 56 56 56 56 56 56 36 65 36 36
V27(13
k) 21 17 17 – – – 15 15 15 13
V27(7
k) 21 17 17 – – – 15 15 13 15
V27(25
k) 21 17 17 – – – 15 18 15 15
Table 7.1. Sizes and Emax upper bounds of elements of collections of projectively
prime order elements in PΩ7(3).2.
Finally, suppose that V = V27(4
k). When we construct V in GAP, we find that involutions in
classes 2A, 2B and 2C have 21-, 17- and 5-dimensional fixed point spaces respectively. This, along
with information from the corresponding Brauer character imply that if G has no regular orbit on V ,
r27 ≤|2A|r21 + |2B|r17 + |2C|r15 + i3(G)(3r
9) + |3B|(r15 + 2r6) + i5(G/F (G))(r
7 + 4r5)
+ i7(G/F (G))(r
3 + 6r4) + 1312 i13(G/F (G))r
3
and this is a contradiction for r ≥ 4, so G has a regular orbit on V . 
7.2. Even dimensional orthogonal groups.
Theorem 7.2. Suppose G is an almost quasisimple group with E(G)/Z(E(G)) ∼= PΩǫ2m(q) with
m ≥ 4. Let V = Vd(r), (r, q) = 1 be an irreducible module for G, with absolutely irreducible restriction
to E(G). Also suppose that (r, |G|) > 1. Then one of the following holds.
(i) b(G) = ⌈log |G|/ log |V |⌉, or
(ii) E(G)/Z(E(G)) ∼= PΩ+8 (2), d = 8, r ∈ {3, 5, 25, 27} and b(G) = ⌈log |G|/ log |V |⌉+ 1.
By Proposition 2.1, if (ǫ,m, q) 6= (+, 4, 2), then we have d1(G) ≥
(qm−1)(qm−1−q)
q2−1
− 1.
Therefore, if G has no regular orbit on V then by Propositions 2.4 and 3.1,
r
(qm−1)(qm−1−q)
q2−1
−1
≤ 2|G/F (G)|r⌊
2m−1
2m
d⌋
This inequality is false for all valid choices of (m, q, r, ǫ) except for (5, 2, r1,±), (4, 3, r2,±), and
(4, 2, r3,−), where r1 ≤ 7, r2 = 2 and r3 ≤ 167.
We will consider each pair (m, q) individually.
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Proposition 7.3. Theorem 7.2 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= PΩǫ10(2).
Proof. We first determine the range of d to consider. The number of prime order elements iP (PΩ
ǫ
10(2).2)
in PΩǫ10(2).2 is 5642583264255 if ǫ = + and 4547966108159 if ǫ = −. The number of reflections
iR(PΩ
ǫ
10(2).2) is 496 and 528 for ǫ = +,− respectively. If G has no regular orbit on V then by
Proposition 2.6,
rd ≤ 2iP (PΩ
ǫ
10(2).2)r
⌊7d/8⌋ + 2iR(PΩ
ǫ
10(2).2)r
⌊9d/10⌋
So we only need consider d ≤ 216 for r = 3, and G has a regular orbit on the remaining modules.
From the Brauer character table, we find that we only need to consider two representations for each ǫ,
one each of degrees 154 + ǫ and 186− (1 + ǫ)/2. Examining the Brauer characters, we determine that
Emax(g3′) ≤ 118 + (1− ǫ) and 136− (1 + ǫ)/2 respectively. Moreover, by Proposition 2.6, all elements
of order 3 have α(x) ≤ 8. Therefore, if G has no regular orbit on the 153-dimensional module when
ǫ = − then
r153 ≤ 2iP (G/F (G))r
116 + i3(G/F (G))r
⌊7×153/8⌋
which gives a contradiction for r = 3. Similar calculations give the results for the other three modules.

Proposition 7.4. Theorem 7.2 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= PΩǫ8(3).
Proof. Recall that we only need to consider r = 2. By Proposition 2.1, d1(G) ≥ 248. Using GAP, we
compute that every element x ∈ G/F (G) of prime order at least 5 has α(x) = 2. We also determine that
the number iR(G/F (G)) of reflections in G/F (G) is at most 2214 and 6480 for ǫ = −,+ respectively.
Denote the number of prime order elements in H = G/F (G) by iP (H). If G has no regular orbit on
V then
1
2
rd ≤ (iP (H)− i2(H)− i3(H))r
⌊d/2⌋ + (i2(H) + i3(H))|r
⌊6d/7⌋ + iR(H)r
⌊7d/8⌋
This is a contradiction for all d ≥ 245 (cf. Proposition 2.1) with r = 2. 
Proposition 7.5. Theorem 7.2 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= PΩǫ8(2).
Proof. First suppose that E(G)/Z(E(G)) ∼= PΩ−8 (2). The number of prime order elements in PΩ
−
8 (2).2
is 57548943; of these, 112591 are involutions and of those, 136 are transvections. If G has no regular
orbit on V then
rd ≤ 2× 57548943r⌊6d/7⌋ + 2× 136r⌊7d/8⌋
Thus G has a regular orbit on V , or V lies in Table 7.2.
We also summarise our analysis of the remaining cases in Table 7.2. In all cases, the bounds on
Emax(x) are obtained from the Brauer character if o(x) ∤ r, and from constructing the corresponding
module in GAP otherwise.
Projective prime order
o(x) = 2 Transvections o(x) = 3 o(x) = 5 o(x) = 7 o(x) = 17
# elements 112591 136 1285200 1096704 9400320 46448640
V51(5) 36 36 21 11 21 21
V51(7) 36 36 21 11 9 21
V50(3
k), r ∈ {1, 2} 36 36 22 10 10 10
V34(3
k), k ∈ {1, 2, 3} 22 27 20 10 10 10
V34(5
k), k ∈ {1, 2} 22 27 20 10 20 20
V33(7) 21 26 19 19 5 19
Table 7.2. Upper bounds on maximum eigenspace dimensions on absolutely irre-
ducible modules of PΩ−8 (2).
Using the information in Table 7.2 to apply Proposition 3.1(iii), we find that G has a regular orbit
on V in all cases.
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Now suppose that E(G)/Z(E(G)) ∼= PΩ+8 (2). The number of prime order elements in PΩ
+
8 (2).S3
is 28815119 and so if G has no regular orbit on V ,
rd ≤ 2× 28815119r⌊7d/8⌋.
Using [24], we give a complete list of the modules we need to consider in the Table 7.3. In Table 7.4
we also give information on the number of elements of various prime orders in Aut(PΩ+8 (2)).
d E(G) Characteristic r ≤
104 2.PΩ+8 (2) 3,5 3
83 PΩ+8 (2) 5 5
56 2.PΩ+8 (2) 6= 2 13
50 PΩ+8 (2) 6= 2, 3 13
48 PΩ+8 (2) 3 9
35 PΩ+8 (2) 6= 2 31
28 PΩ+8 (2) 6= 2 96
8 2.PΩ+8 (2) 6= 2 86445357
Table 7.3. Cases left to consider when
E(G)/Z(E(G)) ∼= PΩ+8 (2).
Order # elements
2 183375
3 2006720
5 1741824
7 24883200
Total 28815119
Table 7.4. Summary of
prime order elements in
PΩ+8 (2).S3.
We summarise our analysis of the modules listed in Table 7.3 in Table 7.5. The bold entries
were obtained from the corresponding Brauer characters of the absolutely irreducible modules. The
italicised entries were obtained from an explicit construction of the module in GAP. The entries that
are both bold and italicised were obtained using the former method when (o(x), r) = 1, and the
latter otherwise. The underlined entries were computed by restricting V28 = V28(3
k) to the maximal
subgroup H = U3(3) : 2 × S3 ≤ PΩ
+
8 (2).S3 and applying Propositions 3.1(i) and 3.2. The remaining
entries were computed using Proposition 3.1(i). Applying Proposition 3.1(iv) to each of the modules
in the table shows that G has a regular orbit on V for all valid choices of G.
Class Size V104(3) V83(5) V56(r) V50(r) V48(r) V35(r) V28(3
k)
V28(5
k) or
V28(7
k)
2A 1575 77 72 35 35 34 20 16 16
2B 3780 77 72 35 35 34 23 16 16
2C 3780 77 72 35 35 34 20 16 16
2D 3780 77 72 35 35 34 20 16 16
2E 56700 77 72 35 35 34 20 16 16
3A 2240 89 71 35− 7ǫ3 35 26 21 16 16
3B 2240 89 71 35− 7ǫ3 35 26 15 16 16
3C 2240 89 71 35− 7ǫ3 35 26 15 16 16
3D 89600 89 71 35− 7ǫ3 35 26 15 12 10
3E 268800 89 71 35− 7ǫ3 35 26 15 12 10
5A 580608 77 71 35− 7ǫ5 25 10 11 8 8
5B 580608 77 71 35− 7ǫ5 25 10 11 8 8
5C 580608 77 71 35− 7ǫ5 25 10 11 8 8
7A 24883200 77 71 35− 7ǫ7 25 10 5 7 4
2F 120 77 72 35 35 34 28 21 21
2G 37800 77 72 35 35 34 20 15 15
3F 14400 – – – 35 26 – 14 14
3G 806400 – – – 35 26 – 14 10
Table 7.5. Sizes and upper bounds on Emax for conjugacy classes of elements of prime
order in PΩ+8 (2).S3.
Finally, suppose that V is the 8-dimensional irreducible module of 2.PΩ+8 (2). If r ≤ 9, then |V | < |G|
and there is no regular orbit. If r = 3 then also |V |2 < |G|, so b(G) ≥ 3. If G has no regular orbit on
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V in characteristics 5 or 7 then
r8 ≤(|2A| + |2C|+ |2D|+ |2E|)(2r4) + |2B|(r6 + r2) + |3A|(r6 + 2r) + (|3B|+ |3C|)(2r4)
+ |3D|(r2 + 2r3) + |3E|(r4 + 2r2) + |5A|(r4 + 4r) + (|5B|+ |5C|)(4r2) + |7A|(r2 + 6r)
+ |2F |(r7 + r) + |2G|(r5 + r3).
This gives a contradiction for r > 125. When r = 5, we construct the module in Magma and find that
b(G) = 3,and from Lemma 3.4 that b(G) = 2 when r = 25. We also compute from constructions of
the modules in Magma that there is a regular orbit of G on V = V8(r) when r = 49, 125.
If instead V is in characteristic 3, and G has no regular orbit on V , then
r8 ≤(|2A| + |2C|+ |2D|+ |2E|)(2r4) + |2B|(r6 + r2) +
1
2
i3(G)r
4 + |5A|(r4 + 4r) + (|5B|+ |5C|)(4r2)
+ |7A|(r2 + 6r) + |2F |(r7 + r) + |2G|(r5 + r3).
This gives a contradiction for r ≥ 243. We compute that b(G) = 4, 2, 2, 1 when r = 3, 9, 27, 81 using a
combination of GAP, Magma and Lemma 3.4. 
8. Proof of Theorem 1.1: Exceptional groups
The main result in this section is as follows.
Theorem 8.1. Suppose G is an almost quasisimple group with E(G)/Z(E(G)) an exceptional simple
group of Lie type. Let V = Vd(r), (r, q) = 1 be a module for G, with absolutely irreducible restriction
to E(G). Also suppose that (r, |G|) > 1. Then one of the following holds:
(i) b(G) = ⌈log |G|/ log |V |⌉,
(ii) E(G) = 2. 2B2(8), (d, r) = (8, 5) and b(G) = 2,
(iii) G = 6 ◦ (2.G2(4)) or 6 ◦ (2.G2(4).2) , (d, r) = (12, 7) and b(G) = 2.
We now proceed with with proof of Theorem 8.1. If G has no regular orbit on V = Vd(r), then by
Proposition 3.1(i) and (v),
rd ≤ 2|G/F (G)|r⌊(1−1/α(G))d⌋ .
From Propositions 2.1 and 2.4 we deduce that either G has a regular orbit on V , or E(G)/Z(E(G))
is one of 2B2(8),
2F4(2)
′, 3D4(2),
3D4(3), G2(3), G2(4), G2(5) or F4(2).
We examine the remaining cases in a series of propositions.
Proposition 8.2. Theorem 8.1 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= 2B2(8).
Proof. By [24], we see that we only need to consider modules with (d, r) = (8, 5) or (14, 5). The
generators for both modules are given in [1] and we find that there is no regular orbit of G on V for
(d, r) = (8, 5), but there is a base of size 2. If instead (d, r) = (14, 5), we find that b(G) = 1. 
Proposition 8.3. Theorem 8.1 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= 2F4(2)
′.
Proof. The number of prime order elements in 2F4(2)
′.2 is 3304079. By the proof of [20, Proposition
5.5], α(x) ≤ 4 for involutions and α(x) ≤ 3 for odd prime order elements, and we use GAP to further
deduce that α(g13) = 2. Moreover, d ≥ 26 by Proposition 2.1, and we compute that i2(G/F (G)) ≤
13455 and i13(G/F (G)) ≤ 2764800 . Therefore, if G has no regular orbit on V , then by Proposition
3.1(v),
rd ≤ 2× (3304079 − 2764800 − 13455)r⌊2d/3⌋ + 2× 2764800r⌊d/2⌋ + 2× 13455r⌊3d/4⌋
which gives a contradiction unless r = 3 and d ≤ 39. Consulting [24], we find that we have only
26-dimensional modules of 2F4(2)
′ to consider.
Examining the Brauer character table in characteristic 3, we deduce that in each case, Emax(g{2,3}′) ≤
6 and Emax(g2) ≤ 16. We further compute in GAP that α(x) = 2 for x ∈ G of order 3. Therefore,
since i2(
2F4(2)) = 13455 and i3(
2F4(2)) = 166400, if G has no regular orbit on V then
r26 ≤ 2× 3304079r6 + 166400r13 + 13455(r16 + r10)
which gives a contradiction for r = 3. 
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Proposition 8.4. Theorem 8.1 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= 3D4(q), q ∈
{2, 3}.
Proof. We have |G| ≤ 3q12(q8+q4+1)(q6−1)(q2−1) logp q, α(x) ≤ 7 and d1(E(G)) ≥ q
3(q2−1)+q−1.
Suppose that q = 3. By Proposition 3.1(v), we are left to examine the cases where r = 2, d ≤ 315.
According to [23, A.15], we only need consider the 218-dimensional irreducible module of G. Using
the construction of V in GAP, we deduce that Emax(g{2,3}′) ≤ 32. We also compute that the number
of prime order elements in 3D4(3) is 6101289775853. We therefore deduce that if G has no regular
orbit on V , then
r218 ≤ 2(i2(G/F (G)) + i3(G/F (G)))r
⌊ 6×218
7
⌋ + 6101289775853r32
and using Proposition 2.7, we find that this gives a contradiction for r = 2. Now suppose that q = 2.
Applying Proposition 3.1(v) and inspecting [24], we find that we must consider d = 25, 26, 52 for
r ≤ 102, 102 and 9 respectively. The numbers of prime order elements in 3D4(2).3 are given in Table
8.1. We proceed according to characteristic. In characteristic 13, we only need consider V = V26(13).
Prime r0 2 3 7 13 Total
Number of elements 69615 2457728 4852224 48771072 56150639
Table 8.1. Prime order elements in 3D4(2).3.
From the Brauer character we determine that Emax(g13′) ≤ 16. Moreover, in GAP, we find that
elements g ∈ G of order 13 have dimCV (g) = 2. Therefore, if G has no regular orbit on V ,
r26 ≤ 2× 56150639r16 + 48771072r2 .
This is a contradiction for r = 13. We now turn our attention to modules in characteristic 7. We need
to consider d = 26 for r = 7, 49 and d = 52 for r = 7. Using the Brauer character and a construction
of the module in GAP, we find that when d = 26, we have Emax(g7) ≤ 8 and Emax(g7′) ≤ 16. On the
other hand, when d = 52, then by Proposition 3.1(i), Emax(g7) ≤ 44 and from the Brauer character
we determine that Emax(g7′) ≤ 36. Therefore, if G has no regular orbit on one of these modules,
rd ≤ 2× 56150639rEmax(g7′ ) + 4852224rEmax(g7).
This gives a contradiction in both cases for r ≥ 7. Now suppose V is an irreducible module in
characteristic 3. Here we must consider d = 52 for r = 3, 9, and d = 25 for r ≤ 81. The classes of
elements of order 3 in 3D4(2).3 and their sizes are given in Table 8.2.
Class 3A 3B 3C 3C’ 3D 3D’
Size 139776 326144 17472 17472 978432 978432
Table 8.2. Orders of conjugacy classes of elements of order 3 in 3D4(2).3.
Let V be the irreducible 52-dimensional module. From the Brauer character we see that Emax(g2) ≤
36, and Emax(g{2,3}′) ≤ 10. We also construct V in GAP and determine the dimensions of fixed point
spaces of elements of order 3. Therefore, if G has no regular orbit on V ,
r52 ≤ 2× 56150639r10 + 2× 69615r36 + 2× 978432r18 + (139776 + 2× 17472)r22 + 326144r18.
This is a contradiction for r ≥ 3, so G has a regular orbit on V . Finally, suppose that d = 25. From the
Brauer character we determine that Emax(g2) ≤ 16, and that Emax(g7,13) ≤ 7. Constructing the module
in GAP, we observe that elements in classes 3A and 3B have 9-dimensional fixed point spaces. We also
find that elements in classes 3C and 3D appear in the maximal subgroup H = S3×L2(8).3 <
3D4(2).3.
Now V ↓ H has four trivial composition factors, and three composition factors of degree 7. Elements
of order 3 have at most a 3-dimensional fixed point space on the 7-dimensional composition factor, so
by Proposition 3.2, dimCV (g) ≤ 4 × 1 + 3 × 3 = 13 for an element in class 3C or 3D. Since 3C’ and
3D’ are the squares of elements in classes 3C, 3D, they have the same eigenspaces, so we need not
consider them in our sum.
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Therefore, if G has no regular orbit on V ,
r25 ≤ 2× 56150639r7 + 2× 69615r16 + (17472 + 978432)r13 + (139776 + 326144)r9
This gives a contradiction for r ≥ 9. If r = 3, then we construct the module in Magma and find an
explicit regular orbit representative of G on V . 
Proposition 8.5. Theorem 8.1 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= G2(q), with
3 ≤ q ≤ 5.
Proof. First suppose E(G)/Z(E(G)) = G2(5). The number of elements of prime order in G2(5) is
1242340499, and so applying Proposition 3.1(i) and (v), and examining [24], we see that we only need
to consider the irreducible 124-dimensional module for G over F2. Examining the Brauer character,
we find that Emax(g2′) ≤ 48. Therefore, along with our observation that there are 406875 involutions
in G2(5), we find that if G has no regular orbit on this module then
2124 ≤ 2× 1242340499 × 248 + 406875 × 2⌊
4
5
×124⌋
which gives a contradiction. Therefore, G has a regular orbit on V .
We now consider G with soc(G/F (G)) = G2(4). The number of elements of prime order in G2(4).2
is 55534959. Applying Proposition 3.1(v) and examining [24], we see that we only need consider
modules of dimension 12, 64, 78 if r = 3, and d = 12 for 5 ≤ r ≤ 484. If V is the 78-dimensional
irreducible module of G2(4).2 over F3, we deduce that Emax(g3′) ≤ 46 from the Brauer character.
Therefore, since the number of elements of order 3 in G2(4).2 is 1401920, if G has no regular orbit on
V , then
378 ≤ 2× 55534959 × 346 + 1401920 × 3⌊4×78/5⌋
which gives a contradiction. Similarly, if d = 64, then Emax(g3′) ≤ 36, and an analogous calculation
shows that G has a regular orbit on V here. Finally, we consider the 12-dimensional module of 2.G2(4)
for r ≤ 484. This extends to a module of 2.G2(4).2. If r = 3, 5 then |G| > |V | and G has no regular
orbit on V . When r = 3, constructing the module in GAP we find that there is a base of size 2. For
the remaining cases, we will summarise our analysis in Table 8.3. The entries in the third column
were obtained from the corresponding Brauer tables, while the entries in the fourth were derived from
constructions in GAP. Applying Proposition 3.1(iv) with the entries in the table, we see that G has
a regular orbit on V for r ≥ 9 and a base of size two for r = 5. When r = 7, we determine using
orbit enumeration techniques in Magma that 2.G2(4) and 2.G2(4).2 have regular orbits on V , while
6 ◦ (2.G2(4)) and 6 ◦ (2.G2(4).2) do not, and so b(G) = 2 for these groups by Proposition 3.4.
Eigenspace Dimensions
Proj. Class Size o(x) ∤ r o(x) | r
2A 4095 (8,4) –
2B 65520 (62) –
3A 4160 (62) 6
3B 1397760 (43) 4
5A 838656 (4, 24) 4
5B 838656 (4, 24) 4
5C 838656 (34) 3
5D 838656 (34) 3
7A 11980800 (26) 2
13A 19353600 (112) 1
13B 19353600 (112) 1
Table 8.3. Eigenspace dimensions of projectively prime order elements in 2.G2(4).2.
Finally, we investigate G with soc(G/F (G)) ∼= G2(3). The number of prime order elements in
G2(3).2 is 1329587. Using analogous calculations to those above and inspecting [24], we deduce that
G has a regular orbit on V unless possibly if r = 2 and d = 64, 78, 90, r = 2, 4, 7 and d = 27, or d = 14
and r ≤ 128. By the proof of [20, Proposition 5.6], α(x) ≤ 3 if x is an inner involution, α(x) ≤ 5 if
x is of order 3, and α(x) ≤ 4 otherwise. We have i3(G2(3).2) = 59696, and i2(G2(3).2) = 10179, of
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which 7371 are inner involutions. Therefore, if G has no regular orbit on the 90-dimensional modules
of G2(3), then
r90 ≤ 2× 1329587r⌊3×90/4⌋ + 2× 59696r⌊4×90/5⌋
which is a contradiction for r = 2. If V is the 78-dimensional F2G-module, then examining the Brauer
character we find that Emax(g2′) ≤ 30. So if G has no regular orbit on V ,
r78 ≤ 2× 1329587r30 + 10179r⌊3×78/4⌋
which again is a contradiction for r = 2. The 64-dimensional modules of G2(3) in characteristic 2 are
not realised over F2 due to a b27 irrationality. Similarly, the 27-dimensional module of 3.G2(3) is not
realised over F2 because of a z3 irrationality. If d = 27 and r = 4 or 7, then from the Brauer character
we determine that Emax(g{2,p}′) ≤ 9, and using GAP we determine that α(g7) = 2, so if G has no
regular orbit on V ,
r27 ≤ 2× 1329587r9 + 2i2(G/F (G))r
⌊3×27/4⌋ + 2× i7(G/F (G))r
⌊27/2⌋
which gives a contradiction for r = 4, 7. It therefore remains to consider the 14-dimensional module
of G2(3).2 for r ≤ 128. If r = 2, then |V | < |G| and we compute in GAP that b(G) = 2. We also
compute that if r = 4, then G has a regular orbit on V . Otherwise, if G has no regular orbit on V
o(x) = 2 o(x) = 3 o(x) = 7 o(x) = 13
Number of elements 10179 59696 606528 653184
Largest eigsp. in char. 2 8 8 2 2
Largest eigsp. in char. 7 8 8 2 2
Largest eigsp. in char. 13 8 8 2 2
Table 8.4. Information about projectively prime order elements acting on an irre-
ducible 14-dimensional module for G2(3).2.
then by Proposition 3.1(iv) and the information in Table 8.4,
r14 ≤ 2(10179r8 + 606528r2 + 653184r2) + 59696(r8 + 2r3)
which is a contradiction for r ≥ 7. 
Proposition 8.6. Theorem 8.1 holds for almost quasisimple G with E(G)/Z(E(G)) ∼= F4(2).
Proof. The number of prime order elements in F4(2).2 is 650870214978815. So if G has no regular
orbit on V then
rd ≤ 2× 650870214978815r⌊7d/8⌋
which gives a contradiction unless d ≤ 248. Examining [24], we find that we only need to consider
the 52-dimensional module of 2.F4(2). We record the classes of elements of projective prime order
in 2.F4(2).2 and their eigenspace dimensions in cases where they are semisimple in Table 8.5. For
each characteristic dividing the order of 2.F4(2).2, we also compute a bound of the fixed point space
dimensions on unipotent elements and these are also recorded in Table 8.5. Applying Proposition
3.1(iv), we deduce that G has a regular orbit on V in each case. 
This completes the proof of Theorem 8.1, and hence Theorem 1.1.
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Class in F4(2).2 Eigensp. dims
2A (36,16)
2B (32,20)
2C (28,24)
3A (22, 152)
3B (22, 152)
3C (16, 182)
5A (12, 104)
7A (10, 76)
13A (413)
17A (4, 316)
2D (262)
char(V ) = r0 dimCV (gr0) ≤ Method
3 22 Construction in GAP
5 12 Construction in GAP
7 26 Compute α(g7) = 2
13 26 Compute α(g13) = 2
17 26 Compute α(g17) = 2
Table 8.5. Eigenspace dimensions of projectively prime order elements on an abso-
lutely irreducible 52-dimensional module for 2.F4(2).
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